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Abstract – d-wave Cooper pairs are believed to be the key for understanding the phenomenon
of high-temperature superconductivity in cuprates. These superconductors are an example of the
emergence of strong pairing in systems with purely repulsive interactions, similar to superfluid
helium 3 and the newly discovered iron oxypnictides. Despite intense studies, there is currently
no consensus as to what causes the formation of d-wave Cooper pairs in these materials. Here we
propose a novel experimental scheme in which recently demonstrated methods for realizing optical
lattices and superlattices are combined to create and to detect, in a controlled way, ultracold-atom
d-wave Cooper pairs. Our scheme starts from arrays of isolated plaquettes which incorporate the
required d-wave correlations on a short length scale. By tuning the parameters of the potentials,
these plaquettes can be coupled to achieve long-range d-wave superfluid correlations, finally
arriving at the generic Hubbard model.

Copyright c© EPLA, 2009

Introduction. – The “pure” 2D repulsive Hubbard
model is a simple lattice model in which fermionic parti-
cles move between sites by tunnel coupling and repel
each other when they occupy the same site. It has long
been suggested as a model which might contain the basic
physics required to explain the high temperature super-
conductivity observed in cuprates and similar materials.
For the Hubbard model, d -wave pairing is expected to
occur from an effective attraction caused by the exchange
of spin fluctuations [1]. Nonetheless, whether this pairing
can give rise to long-range order and superconductiv-
ity it is still unknown [2–4]. Recent experimental break-
throughs in the field of ultracold atoms loaded into optical
lattices [5,6] such as the observation of the superfluid
to Mott insulator transition with bosons [7] and the
experimental realization of both repulsive and attractive
Hubbard models [8–10] with fermions suggest that ultra-
cold atoms are uniquely suited to experimentally address
these open questions.

(a)E-mail: arey@jilau1.colorado.edu

Here we propose a method for the controlled prepara-
tion and detection of atomic d -wave superfluidity using
optical superlattices. The method is based on two experi-
ments which together connect the known d -wave symme-
try of fermions in a single plaquette [11] —four lattice
sites arranged in a square— (fig. 1(a)) with the unknown
d -wave properties of the generic 2D Hubbard model. Both
of the experiments use demonstrated and currently avail-
able tools and techniques. A pair of weakly coupled plaque-
ttes is the simplest system which exhibits a specific range
of parameters where two holes tend to bind together on
a single plaquette rather than to delocalize among the
two [12–17]. The hole pair or Cooper pair that is created
has a d -wave symmetry and leads to d -wave superfluid-
ity once many plaquettes are weakly coupled [12–14]. In
the first experiment we propose to use coherent dynamics
to probe the formation of d -wave Cooper pairs and their
binding energy. The basic idea is to load single plaque-
ttes with specific number of fermions and then weakly
connecting pairs of adjacent plaquettes into a superplaque-
tte (fig. 1(b)). The second experiment consists of weakly
connecting the plaquettes into a 2D array (checkerboard
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Fig. 1: (Color online) A plaquette is the minimum system that
exhibits d-wave symmetry. a) When loaded with four fermions
the ground state is d-wave symmetric while when loaded with
2 the ground state exhibits s-wave symmetry. Consequently,
the two states have a non-zero matrix element with the d-wave
pair creation operator. Here we consider the situations where
plaquettes are coupled into a superplaquette array and into a
checkerboard array, which are schematically represented in b)
and c), respectively. In the picture the spin-independent intra-
plaquette tunneling J is represented by a thick solid line and
the inter-plaquette tunneling, J ′σ! J by a dashed line. The
subscript σ in J ′σ emphasizes that it can depend on the spin of
the atom.

array, fig. 1(c)) and study their long-range d -wave corre-
lations. The manipulations required to implement these
schemes rely on the large degree of control which is avail-
able in ultracold atom systems. They will enable a exper-
imental confirmation of induced pairing resulting from
purely repulsive Hubbard physics. In a final step, the
weak coupling between the plaquettes is increased until
a regular 2D square lattice is created. The overall proce-
dure opens a unique possibility to continuously connect a
known d -wave coupling mechanism to the unknown case
of the 2D square lattice Hubbard model.
The phase diagram of the checkerboard lattice, realized

in the second experiment, is very rich, as recently demon-
strated in refs. [12–14]. In the parameter regime of our
interest it exhibits a d superfluid phase and a Cooper
pair density wave state which is conceptually similar to
a charge density wave phase. Here we derive the phase
diagram for the homogeneous system in the general case of
spin-dependent inter-plaquette tunneling, which is experi-
mentally realizable with cold atoms. In addition we use the
local density approximation to study the quantum phases
in the presence of an additional parabolic confinement
which is typically present in all experimental realizations.
To prepare and analyze the states we combine a

number of recently demonstrated techniques which use
the tunability of laser parameters [18] and noise corre-
lation measurements [19–23]. The latter method is used
specifically for the characterization of the quantum phases
in the checkerboard array. The overall description takes

into account important experimental details such as the
number of required lattice periodicities and the availabil-
ity of required laser sources, and considers experimental
constraints such as inhomogeneous trapping potentials.
We also discuss the requirements for temperature and
adiabaticity of state preparation, which are crucial factors
for any realistic implementation.

Step I: plaquette fermion models

Hamiltonian. We consider fermions in an isolated
plaquette (shown in fig. 1(a)). Assuming one accessible
single particle state in each well (i.e. level spacing much
larger than other energy scales in the problem), the system
is described by the Hubbard Hamiltonian

Ĥ =−J
∑

〈r,r′〉,σ

ĉ†rσ ĉr′σ +U
∑

r

n̂↑rn̂↓,r, (1)

where J is the tunneling matrix element and U is the
onsite Hubbard repulsion. Here ĉrσ are fermionic anni-
hilation operators, n̂rσ = ĉ†rσ ĉrσ are number operators,
r= 1, . . . , 4, labels the four sites in a plaquette and the
term 〈r, r′〉 indicates that the sum is restricted to nearest
neighbors.
The eigenstates in a single plaquette depend on the

filling factor. When filled with N = 4 or N = 2 fermions,
the ground state is a spin-singlet exhibiting d- and s-wave
symmetry, respectively. We denote the corresponding
ground states as |4〉 and |2〉 (see fig. 1(a)). On the
other hand, for N = 3, the ground state is degenerate
with S = 1/2 and px± ipy symmetry in the regime
U <Ut ∼ 18.6J . We denote them as |3(σ,τ)〉 with σ
and τ specifying the spin polarization and the orbital
“chirality” (τ =±). The d- vs. s-wave symmetry of the
|4〉 and |2〉 states is the crucial element in obtaining the
d -wave pairing mechanism, since the hole-pair creation
operator that connects the two states must have a d-wave
symmetry [11]; i.e. 〈2|∆̂†d|4〉 %= 0, where

∆̂d = (ŝ12+ ŝ34− ŝ14− ŝ23)/2, (2)

and ŝrr′ = (ĉ
†
r↑ĉ
†
r′↓− ĉ

†
r↓ĉ
†
r′↑)/

√
2 creates a singlet on the

rr′ bond.
We next look at the case of 2 holes in two isolated

plaquettes. The holes can bind together within the same
plaquette or separate as single holes in each plaquette
depending on the binding energy defined as

∆b = 2Eg(N = 3)−Eg(N = 4)−Eg(N = 2) (3)

being positive or negative, respectively. Here Eg(N = n) is
the single plaquette ground-state energy when loaded with
n atoms. As shown in fig. 2, ∆b is a non-monotonic func-
tion of U/J [12–14,16,17,24], which reaches a maximum
value of ∆b ≈ 0.04J at U ≈ 2.45J and becomes negative
for U =Uc > 4.58J . Consequently, only when U <Uc hole
pairs on a single plaquette are energetically stable.
Two adjacent plaquettes can be coupled through a

weak (possibly spin-dependent) tunneling J ′σ to form a
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Fig. 2: (Color online) Pair binding energy and inter-plaquette
coupling strengths of the effective XXZ Hamiltonian, eq. (5).
a) The red solid line corresponds to the pair binding energy
in a plaquette. For 0<U/J < 4.6, ∆b > 0 and consequently
it is energetically favorable to have two holes in the same
plaquette. b) Effective XXZ coupling parameters as a function
of U/J . The blue line corresponds to g2/∆b as a function
of U/J . This is the only parameter that appears in the
superplaquette Hamiltonian. When more than two plaquettes
are coupled, new virtual processes have to be accounted for,
which change the Ising term coupling constant. While the
latter become proportional to g2z/∆b, the transverse coupling
constant remains the same, i.e. proportional to g2/∆b. The red
line shows the absolute value of the difference between these
two parameters.

superplaquette (see fig. 1). As long as 0<J ′σ(∆b, the
states |4, 2〉 and |2, 4〉 are lower in energy and occupation
of the states |3(σ,τ), 3(σ̄,τ̄)〉 are energetically suppressed.
They can only be populated as “virtual” intermediate
states leading to an effective superexchange interaction
between |4, 2〉 and |2, 4〉. Specifically, by treating the |4〉
and |2〉 states as the pseudo-spin components | ⇑〉 and | ⇓〉
of an effective spin-1/2 system, the interaction between
the effective spins can be described by an XXZ-type
Hamiltonian

Heff =−
J ′↑J

′
↓g
2

∆b
(σxRσxL+σyRσyL)+

g2(J ′2↑ +J
′2
↓ )

2∆b
σzRσzL

(4)
with σα=x,y,zi=R,L standard Pauli matrices acting on the right
(R) or left (L) effective pseudo-spins and g the coupling
matrix element between the right and left plaquettes which
is of order one (see fig. 2).
Equation (4) contains the essential physics we are inter-

ested for this work. If J ′↑ = J
′
↓ the energy eigenstates are

effective triplet and singlet states |t, s〉= 1√
2
(|4, 2〉±| 2, 4〉)

with the triplet being the ground state. These are sepa-
rated by an energy gap ∼∆b from the rest of the
Hilbert space. The ground state has a non-zero expec-
tation value of the d -wave pair correlation operator
〈t|∆̂†d(R)∆̂d(L)|t〉 %= 0 which leads to a d -wave superfluid
when coupling all the plaquettes. Here ∆̂†d(R,L) is the
d -wave operator, eq. (2), evaluated at the right or left
plaquettes. On the contrary if J ′↑( J ′↓, the Ising term
dominates and any infinitesimal symmetry-breaking
perturbation will collapse the state into |4, 2〉 or |2, 4〉
which are inherently density-ordered states. These consid-
erations indicate that the many-body phase diagram of

this model would depend on the spin-dependent couplings
in a non-trivial way.

Preparation and detection. To verify the energy struc-
ture of the hole-pair states we want to create an array of
isolated superplaquettes loaded with 2 and 4 fermions in
the left and the right plaquettes, respectively.
An array of plaquettes can be created by combining two

orthogonal optical superlattices formed by the superposi-
tion of two independent sinusoidal potentials which differ
in periodicity by a factor of two [18,25–28]. The aim here
is first to load the fermions in a 2D array of independent
plaquettes with alternating filling factors of 4 and 2 along
one direction. The preparation procedure we propose is
based on a unity-filled band insulator [29], and uses adia-
batic manipulations of a superlattice potential created by
standing waves with four different periodicities λ, 2λ, 4λ
and 4λ/3. For other strategies see [17]. Such wavelength
combinations and the appropriate sources are available for
typical fermionic atoms such as 40K and 6Li (for example
with λ= 532 nm in the case of 40K). The required geome-
tries can also be engineered with a single laser source,
by intersecting pairs of laser beams propagating in the 2D
plane with appropriate angles [30], resulting in a set of four
equidistant k-vectors along the x-axis. For the discussion
we will also assume that there is a deep axial lattice that
freezes the atom motion along the z-direction.
The process of patterned loading an array of plaquettes

is presented in fig. 3. Additional spin-dependent control of
the inter-plaquette tunneling can be achieved by control-
ling the laser polarizations [26]. After the tunnel coupling
between the two plaquettes has been enabled, the system
will exhibit coherent Rabi oscillations between |4, 2〉 and
|2, 4〉 states with the |3, 3〉 populated virtually (see fig. 4).
The frequency of oscillation of the envelope is given by
4g2J

′2/∆b and can be used to measure the binding energy
of the hole pairs. These ideas are similar to the ones used
to measure the superexchange energy in an array of double
wells [31]. To measure the number of superplaquettes in
|4, 2〉, |2, 4〉 and |3, 3〉 states one can use band-mapping
techniques [32].

Step II: checkerboard lattice. – The second exper-
iment brings us one step forward towards the generic
2D system. It consists on weakly coupling the plaquettes
into a 2D checkerboard pattern such as the one shown in
fig. 1(c).
We will restrict our analysis to the regime |∆b|+ gJ

′

σ

and ∆b > 0 where we can treat the states |2〉 and |4〉 as the
low energy modes and adiabatically eliminate high energy
states via second-order perturbation theory. This proce-
dure yields a more general effective XXZ Hamiltonian
given by

Heff =
∑

〈R,R′〉,u=x,y,z

JuσuRσuR′ −µz
∑

R

σzR, (5)

where Jx,y =−J⊥ = g
2J ′↑J

′
↓

∆b
, Jz = (J ′2↑ +J

′2
↓ )

g2z
2∆b
. The

coupling matrix element gz has a complicated dependence
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Fig. 3: (Color online) Patterned loading of fermions into an
array of plaquettes: a) the initial band insulator is formed
in a rectangular lattice generated by light with wavelengths
4/3λ and 2λ along the x and y directions, respectively.
b) Adiabatically introducing a phase shifted 4λ lattice along
the x-axis creates an effective 4λ lattice with three sites per cell
with different energy offsets. c) By ramping down the period
4/3λ lattice while ramping up the period 2λ one can convert
the potential into a double-well lattice with an asymmetric
energy offset. This offset has to be large compared to the on-site
repulsion to guarantee that the final ground state corresponds
to a system with four fermions in the lower and two fermions
in the higher sites of each double well. d) After increasing the
lattice depth of the 2λ lattice to suppress tunneling between
the wells the bias can be removed and the isolated wells can
be split into four sites by slowly turning on the λ lattice along
both x and y directions. As a result, an array of independent
plaquettes in the ground state with alternating filling factors
of 4 and 2 along the x-direction is created. To obtain an array
of superplaquettes, the tunneling between adjacent plaquettes
can be controlled by the depth of the 2λ potential, while the 4λ
lattice intensity controls the suppression of tunneling between
superplaquettes. The 4λ/3 lattice is used to balance site energy
offsets created when the long lattice is added.
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Fig. 4: (Color online) Time evolution of the populations
of superplaquettes in the three lowest-energy states after
preparation in the state |4, 2〉. The populations N42(t), N24(t)
and N33(t) are shown in blue, purple and ochre, respectively.
The fast frequency component is determined by ∆b and the
slow envelope by J ′2 g2/∆b. Here U/J = 2.6 and J

′/J = 0.01.

on U/J as shown in fig. 2. Here we have introduced an
effective chemical potential µz (or energy of adding two
atoms to a plaquette). In the effective spin picture it can

a) b)

Fig. 5: (Color online) a) Zero-temperature phase diagram
at 3/8 fermionic filling (N4 =N2 =Ntotal/2). At this filling
the system exhibits a second-order phase transition from a
d-wave superfluid, d-SF (magnetic ordered state in the XY-
plane for the effective spins) to a d-pair density wave state,
d-pdw (anti-ferromagnetic ordered phase for the effective
spins) when the axial, Jz, and the transverse J⊥, coupling
constants that appear in the XXZ Hamiltonian become equal.
As both J⊥ and Jz depend on the inter-plaquette tunnelings
J ′↑,↓ and the ratio U/J , the critical point can be controlled
by tuning these microscopic parameters. b) Zero-temperature
phase diagram of the effective XXZ Hamiltonian as a function
of an effective chemical potential, µz, adapted from ref. [34].
µz accounts for the energy of adding two atoms to a plaquette,
and can be visualized as an effective magnetic field in the
effective spin picture. The phase diagram has a lobe-like
structure: Inside the ν = 3/8 lobe the system is d-pdw. Outside
it the system enters a gapless d-wave superfluid phase or
an insulating phase depending on the value of the effective
chemical potential. In the insulating phases the density is
fixed to ν = 1/2 (N4 =Ntotal) or ν = 1/4 (N2 =Ntotal). The
transition from a d-pdw to a d-wave superfluid is a first-order
phase transition (except at the tip which corresponds to the
J⊥ = Jz critical point) and induces phase separation in a small
range of filling factors around N4 =N2.

be thought of as an effective external magnetic field along
the z-direction.
The zero-temperature phase diagram of the XXZ

Hamiltonian is known and consequently can be used
to infer the phase diagram of the corresponding fermi-
onic system [12–14,33,34]. At ν = 3/8 fermionic filling,
i.e. N4 =N2, there is a second-order phase transition
which belongs to the XY universality class as the Jz/J⊥

ratio is varied: while for Jz/J⊥ < 1 the ground state
corresponds to a gapless d -wave superfluid (a magnet-
ically ordered phase in the XY-plane for the effective
spins), for Jz/J⊥ > 1 it becomes a gapped Cooper pair
density wave state, d -pdw (an anti-ferromagnetic order
phase for the effective spins). The pdw state is not the
usual particle-hole charge density wave state, but can be
viewed as a crystal of d -wave Cooper pairs [35]. The point
Jz = J⊥ is the critical point. In fig. 5(a), we show the
phase diagram as a function of J ′↑/J

′
↓ where the tendency

of anisotropic tunneling to stabilize the d -pdw phase can
be observed. For the spin-independent case J ′↑ = J

′
↓, our

phase diagram is in agreement with the one obtained in
ref. [14], exhibiting a critical point at Uc ∼ 2.7J . Notice
that since our analysis is based on the assumption that
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gJ ′(∆b, the parameter regime where it is applicable
considerably reduces as one approaches the points U = 0
and U/J ∼ 4.6, where ∆b vanishes.
Away from the fermionic filling ν = 3/8 and provided

the number of fermions per plaquette is between 2 and
4, 1/4< ν < 1/2, which is required for the validity of the
effective XXZ Hamiltonian, the phase diagram is almost
insensitive to the J ′↑/J

′
↓ ratio. There is a first-order phase

transition from the d -pdw phase to the d -wave superfluid
as the effective chemical potential is varied away from
ν = 3/8 filling. Due to the first-order character of the
transition, the d -pdw phase is surrounded by a small
region where one observes phase coexistence [34]. Outside
this region, the low energy phase is always a gapless
d -wave superfluid except from the case where N4 =Ntotal
or N2 =Ntotal where the system turns into an insulator.
When plotted as a function of the effective chemical

potential [34], the phase diagram has a characteristic
lobe-like structure, which can be understood by mapping
the effective XXZ spin model to a hard-core bosons
extended Bose Hubbard model with tunneling J = J⊥/2
and nearest-neighbor interactions V = Jz. In this visual-
ization of the phase diagram the tip of the d-pdw lobe
corresponds to the critical Heisenberg point.
So far we have discussed the zero-temperature homoge-

neous case, however, in most cold atom experiments there
is also a parabolic confinement present and the tempera-
ture is not exactly zero. In the remainder of this section
we discuss both issues.
Within each plaquette, the external parabolic potential

adds a term in eq. (1) equal to Ω
∑
r Rrn̂r +ΩR

2NR,
with Ω= 12Mω2t λ

2, M the atom mass, R= (2i, 2j) the
coordinates of the center of the plaquette in lattice
units, i, j integers and Rr = (±2i,±2j). The first term,
Ω
∑
r Rrn̂r breaks the symmetry within the four sites

of the plaquette and directly affects the magnitude of
the binding energy. We find that ∆b is a very sensi-
tive quantity, however for example for 40K atoms,
by using a weak transversal parabolic confinement of
2π× 20Hz one could achieve a reduction in ∆b less
than 5%, for 1<U/J < 3, within a radius of the order
of 20 lattice sites, i.e.

√
|i|2+ |j|2 < 20. Provided high

fidelity preparation, the 5% variations will not signifi-
cantly degrade the measurements of the binding energy
using the superplaquette dynamics. The second term,
ΩR2NR modifies globally the energy of each plaquette
and can be accounted for by adding an effective position
dependent chemical potential to the effective Hamiltonian,
µz→ µz(R) = µ̄z −ΩR2, with µ̄z a global effective chem-
ical potential. The latter generates a shell structure
consisting on d -wave Mott phases–d -wave SF–d-pdw–
d-wave SF and band insulator phases as ones moves from
the center of the trap to the edges. The phase at the
center of the trap is determined by µ̄z which can be
controlled by the superplaquette preparation procedure.
To estimate an upper bound of the temperature of

the initially trapped Fermi gas required for observing
the phase diagram (assuming all later modifications are

Fig. 6: (Color online) The left panels display the unequal spin
noise correlations, G↑↓(Q,Q′ =Q+mk), where k= 2π/λx̂ is
the reciprocal lattice vector of the underlying lattice with
spacing λ, assuming a d-wave superfluid. The right panel
shows equal spin noise correlations (with opposite sign)
−G↑↑(Q,Q′ =−Q) for a d-pdw state. Here we have subtracted
the local density-density correlations within a plaquette.
G↑↓(Q,Q′) exhibits interference peaks at Q+Q′ =Kn in the
d-wave superfluid regime with K= k/2 is the reciprocal lattice
vector of the plaquette array. The peaks are modulated by
an overall envelope which probes the d-wave symmetry. This
modulation causes the disappearance of the peaks along the
nodal lines Qx =±Qy. On the contrary −G↑↑(Q,Q′) exhibits
interference peaks atQ−Q′ =K(2n+1)/2 in the d-pdw state.
Due to the large kinetic energy of the fermions within a
plaquette these peaks however are much weaker than the anti-
bunching peaks, which always appear at Q−Q′ = nK.

adiabatic) we use well known results from the effective spin
Hamiltonian [36,37] (see appendix). We obtain that the
initial temperature must be below T/TF ∼ 0.01 to observe
the quantum phases. Here TF is the Fermi temperature of
the initially trapped gas. This value even though small is
close to being achieved in current experiments.

Detection via Noise correlations. – Noise corre-
lations [23] can be used to detect the different quantum
phases.
The second-order correlation function of the noise in

an expanding cloud is related to the following four point
functions at the time of the release:

Gσσ
′

Q,Q′ ∝ 〈n̂Qσn̂Q′σ′〉− 〈n̂Qσ〉〈n̂Q′σ′〉 (6)

with n̂Qσ ∝
∑
l,s e

iQ·(Lls)〈c†lσcsσ〉, being the quasi-
momentum distribution and Lls a vector connecting
the lattice sites s and l. Gσσ

′
(Q′,Q) has the required

ingredients to distinguish the two phases. On the one
hand, G↑↓(Q,Q′) contains terms proportional to 〈∆̂†d∆̂d〉
(see eq. (2)), and consequently a d-wave superfluid
with 〈∆̂d〉 %= 0 must exhibit interference fringes at
Q+Q′ =Kn. Here, K is the reciprocal lattice vector of
the plaquette array, which is half of the reciprocal lattice
vector of the underlying lattice. The d-wave nature of the
state will be signaled by a modulation of the peaks with
an a overall envelope with the characteristic d-wave nodal
planes along Qx =±Qy and Q′x =±Q′y as shown in fig. 6.
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Information about the density order is given by G↑↑

which will show sharp dips at Q−Q′ = (2n+1)K/2 in
the presence of a d-pdw phase and a flat profile in the
superfluid phase. In contrast to the unequal spin corre-
lations, G↑↑ will not have the inherent d-wave symme-
try. Equal spin correlations will also always exhibit dips
at δ(Q−Q′−nK) which reflect the characteristic anti-
bunching of fermions [22]. Unfortunately, the amplitude
of these dips can be about 30 times stronger than the dips
at (2n+1)K/2 inherent from the charge density order (see
fig. 6(b)). This caveat can be avoided by slowly merging
each plaquette into a single well before the release which
will map the d-pdw into a charge density phase of frozen
atoms (with alternating filling factors of four and two).

Conclusions. – In summary, we described a pair of
experiments to prepare and detect d-wave superfluidity
in ultracold fermionic atoms loaded into optical super-
lattices. The experimental schemes are based on current
techniques and together provide a continuous path from
a theoretically predictable, but not yet observed, d-wave
superfluid phase arising from repulsive interactions to the
unknown d-wave coupling properties of the 2D Hubbard
model phase diagram. Our analysis takes experimental
constraints such as parabolic confinements into account
and suggests that the scheme works for typical experi-
mental geometries.
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Appendix: temperature estimation. – To estimate
an upper bound of the required initial T/TF of a trapped
Fermi gas for observing the characteristic XXZ phase
diagram we assume adiabatic loading and equate the
entropy of the trapped Fermi gas to the entropy at
criticality of the effective spin Hamiltonian considering
two limiting cases: a pure 2D anti-ferromagnetic Ising
regime and a pure XY model regime. We expect this
treatment can provide fair temperature estimates expect
from the path at the tip of the lobe where Tc = 0. The
2D Ising Hamiltonian has an exact solution developed by
Onsager [36] which predicts kTc = 2.26Jz and an entropy
per particle at Tc, S(Tc) = 0.3k, here k is the Boltzmann
constant. The XY Hamiltonian is not exactly solvable
but Monte Carlo simulations [37] have predicted a BKT
critical temperature of kTc = 0.353J⊥ and a specific heat
of Cv = 1.78T 2k3/J⊥2 for kT < 0.4J⊥. Using these results
one can calculate an entropy per particle at Tc equal to
S(Tc) = 0.1k. Equating these final entropies to the one of a
3D trapped degenerated Fermi gas S = kπ2 T/TF one gets
that the required initial T/TF has to be less than 0.03 and

0.01 for the pure d-pdw and d-SF, respectively, being the
former the one that imposes the strongest restriction.
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