
Gopalakrishnan, Martin, and Demler Reply: In Ref. [1],
we proposed a scheme for realizing quantum quasicrystals
using ultracold atoms. We remarked that these quantum
quasicrystals have more gapless phasons than classical
quasicrystals. References [2,3] contest this. Two questions
are at issue: first, whether the additional modes are gapless,
and second, whether “phason” is the right term. The first
question is substantive; the second is semantic. On the
narrow definitions of the Comments [involving “local
isomorphism (LI) classes” [2] or “indistinguishability”
[3] ], the additional modes are not phasons. However,
the term phason is often used broadly [4,5] to refer to
density-wave phase modulations. In this broad sense, it
describes our additional modes. Regardless, we agree our
terminology was potentially confusing.
Substantively, the Comments dispute that the additional

modes are gapless. Sandbrink et al. [2] assert that as the
modes change the LI class they must cost free energy. This
depends on the form of the free energy; we explicitly
showed [1] that our free energy is in fact invariant under the
additional modes [6]. Lifshitz [3] writes down a free energy
that differs from ours [1] (note that as Ref. [1] works at zero
temperature it uses the term “Hamiltonian” instead [7]): the
former [Eq. (2) of [3] ] contains sixth- and higher-order
terms in the Bose fields and the latter [Eq. (1) of [1] ] does
not. Naturally, Ref. [3] finds fewer continuous symmetries
than Ref. [1]. We had anticipated this [1] and explicitly
noted that higher-order terms in the Bose fields [not
included in Ref. [1] ] would break some of our symmetries.
The disagreement is thus about when one can treat a

system as possessing a continuous symmetry. Such sym-
metries are never exact in nature: stray symmetry-breaking
perturbations generically gap out all putative Goldstone
modes [8]. Nevertheless, one regards a system as having a
continuous symmetry when such perturbations are smaller
than the physically relevant scales. Reference [1] treated
higher-order terms in the Bose fields as a symmetry-
breaking perturbation instead of including them in the
Landau expansion; we now justify this by estimating the
magnitude of the most important such term, which is sixth
order in the fields.
The order parameters in Ref. [1] are the microscopic

Bose fields themselves. Thus, the ðϕ†ϕÞ2 coefficient can be
related to the microscopic two-body interaction, the ðϕ†ϕÞ3
coefficient to the three-body interaction, etc. These can be
expressed in terms of contact and dipolar scattering lengths
as and ad, respectively; for the relevant parameters
as ≈ ad ≈ 5 nm [1]. As this is smaller than the confinement
scale (≳250 nm [1]), confinement does not affect the
scattering. Thus, the two- and three-body contact inter-
action energy densities are [9,10]

Etwo body ≈
ℏ2ρ2D
2m

as
dz

; Ethree body ≈
ℏ2ρ22Da

4
s

2md2z
; ð1Þ

where ρ2D is the density, m the mass, and dz the transverse
confinement scale. Similar results hold for dipolar inter-
actions if one replaces as with ad [11,12]. Thus,
Ethree body=Etwo body ∼maxðρ2Da3s=dz; ρ2Da3d=dzÞ.
Typically, ρ2D ∼ ð250 nmÞ−3 and dz ≳ 250 nm. Therefore,
Ethree body=Etwo body ∼ 10−5. This is much smaller than the
temperature (T ∼ 0.1Etwo body), or the energy of harmonic
confinement, which breaks translational symmetry and
gaps out all phonon and phason modes. Therefore, the
additional modes have as legitimate a claim as phonons to
be described as gapless.
Finally, we address the claim [2] that similar modes exist

classically. As these modes are density rearrangements,
they can obviously be imposed classically; however, there
is no reason to expect such modes to be nearly gapless.
They are nearly gapless in Ref. [1] because (a) odd powers
of the order parameter are forbidden by U(1) symmetry
[1,3], and (b) higher-order terms in the Landau expansion
are suppressed. Condition (a) does not hold in conventional
classical quasicrystals, where the order parameters are
Fourier components of the density. There might be classical
quasicrystals with other [13] order parameters (perhaps
magnetic [14]) satisfying these conditions, but we know of
no physically realizable instances.

The authors are indebted to R .M. Wilson for helpful
discussions.

S. Gopalakrishnan,1 I. Martin2 and E. A. Demler1
1Department of Physics, Harvard University
Cambridge, Massachusetts 02138, USA

2Materials Science Division, Argonne National Laboratory
Argonne, Illinois 60439, USA

Received 6 May 2014; published 13 August 2014
DOI: 10.1103/PhysRevLett.113.079603
PACS numbers: 67.85.−d, 03.75.Mn, 71.70.Ej,

[1] S. Gopalakrishnan, I. Martin, and E. A. Demler, Phys. Rev.
Lett. 111, 185304 (2013).

[2] M. Sandbrink, J. Roth, and M. Schmiedeberg, preceding
Comment, Phys. Rev. Lett 113, 079601 (2014).

[3] R. Lifshitz, preceding Comment, Phys. Rev. Lett 113,
079602 (2014).

[4] A.W. Overhauser, Phys. Rev. B 3, 3173 (1971).
[5] S. Sugai, Y. Takayanagi, and N. Hayamizu, Phys. Rev. Lett.

96, 137003 (2006); D. H. Torchinsky, F. Mahmood, A. T.
Bollinger, I. Bozovic, and N. Gedik, Nat. Mater. 12, 387
(2013); O. A. Starykh and L. Balents, Phys. Rev. B 89,
104407 (2014).

[6] In Ref. [2], further comments on states with eightfold etc.
symmetry do not affect our conclusions as we find no such
states.

[7] The zero-temperature “Landau free energy” is (up to time
derivatives) the coarse-grained Hamiltonian expanded in
powers of the order parameter.

PRL 113, 079603 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

15 AUGUST 2014

0031-9007=14=113(7)=079603(2) 079603-1 © 2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevLett.113.079603
http://dx.doi.org/10.1103/PhysRevLett.113.079603
http://dx.doi.org/10.1103/PhysRevLett.113.079603
http://dx.doi.org/10.1103/PhysRevLett.113.079603
http://dx.doi.org/10.1103/PhysRevLett.111.185304
http://dx.doi.org/10.1103/PhysRevLett.111.185304
http://dx.doi.org/10.1103/PhysRevB.3.3173
http://dx.doi.org/10.1103/PhysRevLett.96.137003
http://dx.doi.org/10.1103/PhysRevLett.96.137003
http://dx.doi.org/10.1038/nmat3571
http://dx.doi.org/10.1038/nmat3571
http://dx.doi.org/10.1103/PhysRevB.89.104407
http://dx.doi.org/10.1103/PhysRevB.89.104407


[8] While some modes might remain gapless [C. Xu, Phys. Rev.
B 74, 224433 (2006)], the gaps scale at worst with the
symmetry-breaking fields.

[9] C. Pethick and H. Smith, Bose-Einstein Condensation in
Dilute Gases (Cambridge University Press, Cambridge, 2002).

[10] P. O. Fedichev, M.W. Reynolds, and G. V. Shlyapnikov,
Phys. Rev. Lett. 77, 2921 (1996).

[11] C. Ticknor and S. T. Rittenhouse, Phys. Rev. Lett. 105,
013201 (2010).

[12] M. Lu, N. Q. Burdick, S. H. Youn, and B. L. Lev, Phys. Rev.
Lett. 107, 190401 (2011).

[13] V. I. Marchenko, Sov. Phys. JETP 73, 759 (1991).
[14] A. Jagannathan, Eur. Phys. J. B 85, 68 (2012).

PRL 113, 079603 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

15 AUGUST 2014

079603-2

http://dx.doi.org/10.1103/PhysRevB.74.224433
http://dx.doi.org/10.1103/PhysRevB.74.224433
http://dx.doi.org/10.1103/PhysRevLett.77.2921
http://dx.doi.org/10.1103/PhysRevLett.105.013201
http://dx.doi.org/10.1103/PhysRevLett.105.013201
http://dx.doi.org/10.1103/PhysRevLett.107.190401
http://dx.doi.org/10.1103/PhysRevLett.107.190401
http://dx.doi.org/10.1140/epjb/e2012-21003-x

