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The Fermi-polaron problem of a mobile impurity interacting with fermionic medium emerges in various
contexts, ranging from the foundations of Landau’s Fermi-liquid theory to electron-exciton interaction in
semiconductors, to unusual properties of high-temperature superconductors. While classically the medium
provides only a dissipative environment to the impurity, the quantum picture of polaronic dressing is more
intricate and arises from the interplay of few- and many-body aspects of the problem. The conventional
expectation for the dynamics of Fermi polarons is that it is dissipative in character, and any excess energy is
rapidly emitted away from the impurity as particle-hole excitations. Here we report a strikingly different
type of polaron dynamics in a one-dimensional system of the impurity interacting repulsively with the
fermions. When the total momentum of the system equals the Fermi momentum, there emerges a sharp
collective mode corresponding to long-lived oscillations of the polaronic cloud surrounding the impurity.
This mode can be observed experimentally with ultracold atoms using Ramsey interferometry and radio-
frequency spectroscopy.
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I. INTRODUCTION

The problem of a polaron—a mobile particle interacting
with a host medium—has a long history dating back to
Landau’s seminal work on an electron inducing local
distortion of a crystal lattice [1]. Polarons are ubiquitous
in many-body systems, especially in solid-state [2,3] and
atomic physics [4–6], and provide one of the key paradigms
of modern quantum theory. Recent experimental progress
in cold atoms and ion-based quantum simulators brings
new motivation for studying polaronic phenomena [7–19],
since these platforms offer a high degree of isolation,

tunability of the interaction strength and dispersion, and
control of dimensionality [20]. These setups are particularly
well suited for accurate studies of far-from-equilibrium
dynamics [10,17] since system parameters can be modified
much faster than intrinsic timescales of the many-body
Hamiltonians. On the theoretical side, recent progress in
understanding polarons has come from using such powerful
techniques as variational Ansätze [21–30], renormalization-
group calculations [31,32], Monte Carlo simulations [33–
35], diagrammatic techniques [36–41], exact Bethe Ansatz
(BA) calculations for integrable models [42–47], and
approaches based on nonlinear Luttinger liquids [48].
Analysis of equilibrium and dynamical properties of polar-
ons has played an important role in developing new ideas and
concepts, and in testing theoretical methods and approaches.
One of the surprising recent discoveries in the far-from-

equilibrium dynamics of Fermi polarons has been the
prediction of the effect called quantum flutter [25,49]:
When a repulsive mobile impurity with large momentum is
injected into a one-dimensional Fermi gas, it undergoes
long-lived oscillations of its velocity. This should be
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contrasted with the classical situation in which the impurity
gradually slows down while transferring its momentum to
the host atoms. It has also been found that the quantum
flutter frequency does not depend on the initial conditions.
The robustness of these oscillations naturally suggests that
they represent an incarnation of a fundamental yet
unknown property of the polaronic system at equilibrium.
In the present work, we investigate collective modes—

elementary excitations describing small deviations from an
equilibrium state—in the system of a mobile impurity
interacting repulsively with a one-dimensional Fermi gas.
Remarkably, we find the density of states of these modes
displays a sharp peak when the total momentum of the
system equals the Fermi momentum. This peak signals the
emergence of a distinct collective excitation with a fre-
quency ωkF, representing a “breathing mode” of a polaro-
nic cloud surrounding the impurity. The frequency ωkF
matches the magnon-plasmon energy difference at the
Fermi momentum, as has been checked for an arbitrary
range of model parameters. As we demonstrate below,
modern cold-atom techniques, including Ramsey interfer-
ometry and radio-frequency (rf) spectroscopy, can be used
to detect this mode. Specifically, we find that the impurity
absorption spectra at the Fermi momentum exhibit a
double-peak structure, with the second peak correspond-
ing to the frequency ωkF. Our study provides a natural
interpretation of such a complex far-from-equilibrium
phenomenon as recently discovered quantum flutter in
terms of basic equilibrium properties. In particular, we
argue that flutter oscillations, as well as their robustness,
represent nothing but the signatures of the collective
mode ωkF .

II. THEORETICAL FRAMEWORK

A Fermi-polaron model represents a nontrivial many-
body problem with the Hamiltonian consisting of three
parts: Ĥ¼ Ĥfþ Ĥimpþ Ĥint, where Ĥf ¼ P

kðk2=2mÞĉ†kĉk
is the fermionic kinetic energy, Ĥimp ¼

P
kðk2=2MÞd̂†kd̂k

is the kinetic energy of the impurity, and Ĥint ¼
ðg=LÞPk;k0;q d̂

†
kþqd̂kĉ

†
k0−qĉk0 describes contact interaction

between the two species of particles. The Planck constant is
set to ℏ ¼ 1 throughout the paper. Operator d̂†k (d̂k) creates
(annihilates) the impurity with momentum k; operators ĉ†k
and ĉk represent the host gas. Throughout this work, we
assume periodic boundary conditions with the system size
L, so that k ¼ ð2π=LÞn with n being integer. The total
number of host-gas particles N is fixed via the chemical
potential μ ¼ ðk2F=2mÞ, and kF ¼ ðπN=LÞ is the Fermi
momentum. In our calculations, we set kF ¼ ðπ=2Þ,
which implicitly defines the unit of length. The case of
a single impurity restricts the Hilbert space to states withP

k d̂
†
kd̂k ¼ 1. The dimensionless interaction strength

between the impurity and medium is γ ¼ ðπmg=kFÞ. We

use the following convention for the Fourier transform:
ĉx ¼ ð1= ffiffiffiffi

L
p ÞPk e

ikxĉk. We choose a sufficiently large UV
momentum cutoff Λ ≫ kF in our numerical simulations.
A challenge one encounters when solving a many-body

problem is that the Hilbert space grows exponentially with
the system size, limiting direct numerical simulations to
relatively small systems. One approach to overcoming this
difficulty is to employ a variational method, where a limited
number of parameters is used to parametrize a class of
many-body states. In this approach, the complexity of
computations typically grows polynomially with the sys-
tem size, allowing for efficient numerical analysis.
However, one needs to ensure that the variational wave
function contains the right class of quantum states that can
reliably capture the many-body correlations. More specifi-
cally, a variational family of states is required to satisfy the
following criteria: (i) it contains a manageable number of
variational parameters, (ii) it accurately predicts ground-
state properties, (iii) it captures real-time dynamics includ-
ing the spectrum of collective modes, and (iv) it can be used
to compute observables relevant for experiments.
We employ recent developments of approaches based on

non-Gaussian states (NGS) to realize this program [29,50].
In this work, we deal with zero-temperature situations, and
finite-temperature ensembles can be studied using the
formalism developed in Ref. [51]. For the Fermi-polaron
problem, one first performs a unitary transformation to the
impurity reference frame [28,52], Ŝ ¼ expð−ix̂impP̂fÞ,
where P̂f ¼ P

k kĉ
†
kĉk is the total fermionic momentum

and x̂imp is the impurity position operator, and then invokes
the Hartree-Fock approximation. The unitary transforma-
tion Ŝ plays a twofold role: (i) it provides sufficient
entanglement between the impurity and the medium so
that the Hartree-Fock approximation becomes accurate and
(ii) it takes advantage of the total momentum conservation
and decouples the impurity from the rest of the system. In
the impurity frame, the transformed Hamiltonian is para-
metrized by the total momentum Q:

ĤQ ¼
X
k;k0

ĉ†k

�
k2

2m
δkk0 þ

g
L

�
ĉk0 þ

ðQ − P̂fÞ2
2M

: ð1Þ

Note that only the degrees of freedom of the host gas enter
Eq. (1). The first term is the fermionic kinetic energy, the
second term describes scattering off the impurity, and the
third term corresponds to its recoil energy.

A. Equations of motion

The Hartree-Fock approximation can be conveniently
cast into a Gaussian wave function [29], which we write as

jψðtÞi ¼ e−iθ expðiĉ†ξĉÞjFSi; ð2Þ
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where ξ ¼ ξ† and jFSi≡Q
jkj≤kF ĉ

†
kj0i is the wave function

of the filled Fermi sea (j0i corresponds to the vacuum
state). The information about the state (2) is then encoded
in θ and U ≡ eiξ. Let us define the covariance matrix as
Γk;k0 ≡ hĉ†kĉk0 iGS ¼ U�Γ0UT , where Γ0 is the covariance
matrix of the filled Fermi sea. We emphasize that even
though we choose the state to be Gaussian in the impurity
reference frame, it is non-Gaussian in the laboratory frame
due to the unitary operator Ŝ.
To find the (momentum-dependent) ground-state wave

function, we employ the imaginary-time dynamics [29]:

dτΓ ¼ 2ΓhΓ − fh;Γg; ð3Þ

where

E½Γ�≡ hĤQi ¼
X
k;k0

Γkk0

��
ϵk þ

k2

2M
−
Q · k
M

�
δkk0 þ

g
L

�

−
X
k;k0

k · k0

2M
jΓkk0 j2 þ

P2
f

2M
þ Q2

2M
; ð4Þ

hkk0 ≡ δE½Γ�
δΓk0k

¼
�
ϵk þ

k2

2M
þ k · ðPf −QÞ

M

�
δkk0

þ g
L
−
k · k0

M
Γkk0 : ð5Þ

Here ϵk ¼ ðk2=2mÞ − μ. Note that initially pure states, with
Γ2 ¼ Γ, will remain pure under the imaginary-time evolu-
tion: dτðΓ2 − ΓÞ ¼ 0. For these states, the total number of
fermions N ¼ P

k Γkk is conserved.
The equations of motion for the real-time dynamics are

obtained from Dirac’s variational principle:

∂tθ ¼ E½Γ� − trhΓ; i∂tU ¼ h�U: ð6Þ

From Eqs. (6) one can derive an equation of motion solely
on the covariance matrix [29]:

dtΓ ¼ i½h;Γ�: ð7Þ

During the real-time dynamics, the state remains pure, and
the total number of fermions is also conserved.

B. Analysis of collective modes

Collective excitations represent low-energy small-ampli-
tude fluctuations on top of an equilibrium state, in our case
on top of a ground state, with the covariance matrix ΓQ,
previously computed via the imaginary-time dynamics. To
obtain their spectrum within the NGS approach, we write
Γ ¼ ΓQ þ δΓ, and, assuming that δΓ is small, we linearize
the real-time equation of motion (7):

dtδΓ ¼ i½hQ; δΓ� þ
i
M

½trðPδΓÞP − PδΓP;ΓQ�; ð8Þ

where hQ ¼ h½ΓQ� and Pk;k0 ≡ kδk;k0 . Importantly, these
fluctuations δΓ are constrained to satisfy (i) Hermiticity
δΓ ¼ δΓ†, (ii) particle number conservation trδΓ ¼ 0, and
(iii) purity fΓQ; δΓg ¼ δΓ. To see the implications of these
conditions, we switch to the basis where the matrix ΓQ is
diagonal:

ΓQ ¼
�
0 0

0 IN×N

�
⇒ δΓ ¼

�
0 K

K† 0

�
; ð9Þ

where K is an arbitrary ðNSP − NÞ × N matrix that fully
parametrizes all possible physical fluctuations δΓ. NSP is
the total number of single-particle modes in the fermionic
system, and it is determined by the system size L and by the
UV cutoff Λ. We, therefore, conclude that the above
constraints reduce the total number of degrees of freedom
in δΓ from 2N2

SP to only 2NðNSP − NÞ. Plugging Eq. (9)
into Eq. (8), one obtains

dtK ¼ iðh11K − Kh22Þ þ
i
M

P12trðP12K† þ P21KÞ

−
i
M

ðP11KP22 þ P12K†P12Þ; ð10Þ

where we used that in the chosen basis hQ ¼
�

h11 0

0 h22

�
,

since hQ and ΓQ commute (in principle, one can always
choose a basis where both hQ and ΓQ are diagonal). The
eigenenergies ωQ

i of Eq. (10) constitute the spectrum of
collective excitations (here Q is the total momentum of the
system, and i labels excitations). From ωQ

i and correspond-
ing eigenvectors, one can compute standard linear-response
functions such as the density response function [53]. For a
bosonic system, similar fluctuation analysis has been
proven to be equivalent to the generalized random phase
approximation [54] and successfully applied to reproduce
the Goldstone zero-mode naturally without imposing the
Hugenholtz-Pines condition.
Using the outlined theoretical framework, we obtained

our main results, which we discuss in the next section.

III. MAIN RESULTS AND DISCUSSION

A. Emergent collective mode and its origin

An important feature of the polaron system is momen-
tum conservation, which after the Lee-Low-Pines (LLP)
transformation and via the imaginary-time dynamics allows
us to compute not only the ground-state energy but rather
the entire polaron energy-momentum dispersion. An exam-
ple of such a calculation for the integrable case of equal
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masses M ¼ m is shown in Fig. 1(a), where we compare
momentum-dependent ground-state energies to the exact
Bethe Ansatz results [42,47]. The agreement is excellent,
and it becomes even better for a larger total number of
particles N and/or larger momentum cutoff Λ. Note that in
the thermodynamic limit N → ∞, this energy-momentum
relation is 2kF periodic, since at Q ¼ 2kF one can always
excite a zero-energy particle-hole pair across the Fermi
surface. At finiteN, this is no longer true, and to excite such
a pair costs energy proportional to 1=N, explaining the
discrepancy in Fig. 1(a) at large momenta Q ≃ 2kF. In
Appendix A, we demonstrate that our approach also
reproduces exact many-body correlation functions.
Below, we also investigate a generic situation of not equal
masses, where no known exact solutions are available.
Using the approach outlined in Sec. II B, we turn to

investigate the spectrum of collective modes on top of
momentum-dependent ground states ΓQ. Figure 1(b) shows
the density of states (DOS) of these excitations, νω ¼P

i δðω − ωQ
i Þ. Most spectacularly, we discover a sharp

peak atQ ¼ kF [Fig. 1(c)], which signals the onset of a new
distinct collective mode. Our primary goal below is to
elucidate its physical origin and investigate the feasibility
of experimental verification with ultracold atoms.
We turn to discuss the physical mechanism behind the

emergence of this mode ωkF . We first identify which states
in the many-body spectrum determine the frequency ωkF.
Let us define plasmon as the lowest-energy excitation of the
Fermi gas in the absence of impurity. Its dispersion EpðQÞ
has a familiar inverse-parabolic shape, shown in Fig. 1(a)
with dashed line. Magnon is the lowest-energy excitation of
the entire interacting system. The magnon dispersion
EmðQÞ—the polaron energy-momentum relation—is illus-
trated in Fig. 1(a) with a solid line. In the presence of the

impurity, the plasmon still exists, but no longer represents
the lowest-energy excitation. Note that both magnon and
plasmon group velocities evaluated atQ ¼ kF—at the same
wave vector where the mode ωkF emerges—are zero,
suggesting that these two states can form a correlated
long-lived excitation, with frequency ωPMðkFÞ ¼ EpðkFÞ−
EmðkFÞ. Interestingly, our variational calculations show
that

ωkF ¼ ωPMðkFÞ ð11Þ

for any impurity-gas mass ratios M=m and coupling
strengths γ, as illustrated in Fig. 1(e).
Now we demonstrate that the collective excitation ωkF

represents oscillations of the polaronic cloud surrounding
the impurity. To that end, we take the initial many-body
wave function jψ labð0Þi ¼ jGSQi to be the ground state of
the interacting Fermi polaron model with the total momen-
tum Q ¼ kF, and then suddenly change the interaction
strength. In response to such a quench, we find that the
fermionic density in the vicinity of the impurity,

G2ðx; tÞ ¼
L
N

Z
L

0

dyhψ labðtÞjd̂†yd̂yĉ†xþyĉxþyjψ labðtÞi;

demonstrates damped oscillatory behavior, illustrated in
Fig. 2, with the frequency ωkF. These real-time dynamical
correlations are, in principle, accessible with ultracold-
atom setups. One can see, however, that the amplitude of
the signal shown in Fig. 2 is rather small because the system
is close to the linear-response regime. We find that the
amplitude of oscillations remains small even for stronger
quenches. To overcome this issue, below we suggest a
complementary experimental verification of our findings

FIG. 1. (a) Polaron energy-momentum relation—the magnon branch—for the case of equal massesM ¼ m and the plasmon branch of
the host Fermi sea. Note the plasmon-magnon excitation energy ωPM at kF. Our variational NGS approach remarkably reproduces the
exact BA result (solid line), adopted from Refs. [42,47] (here we usedΛ ¼ 10kF). (b) Density of states (DOS) of collective excitations as
a function of frequency ω and total momentum Q. Here tF ¼ 1=EF is the Fermi time. Note that the spectral signal becomes particularly
pronounced at Q ¼ kF. (c),(d) Cuts of the DOS at Q ¼ 0 and Q ¼ kF, respectively. Dashed line in (d) [shown also in (b)] indicates the
emergence of a sharp mode. (e) The collective mode ωkF , as a function of the mass ratioM=m, matches the plasmon-magnon mode ωPM

from (a). Parameters used are γ ¼ 5, N ¼ 51, and Λ ¼ 5kF.
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by computing observables accessible with rf spectroscopy
and Ramsey-type interferometry.

B. Cold-atom setups

Possible experimental setups for investigating the phys-
ics of a mobile impurity coupled to a Fermi bath are shown
in Figs. 3(a) and 3(b). We assume that the impurity has two
hyperfine states: j↓i is decoupled from the Fermi sea,
whereas j↑i strongly interacts with the host gas. We start
from an initial many-body wave function prepared in the
state jFSi ⊗ j0;↓i. jQ;↓i labels the impurity state with the
total momentum Q. To reach a given total momentum
sector Q, we suggest the quenching protocol illustrated in
Fig. 3(a). The impurity is first accelerated—for example, by
application of an external force as in Ref. [17]—such that
its momentum becomesQ. Then a rf pulse is used to couple
the two hyperfine states. Similar to the case of a static
impurity discussed in Ref. [55], Ramsey interferometry can
probe the dynamical overlap function, which in our case is

written as SðtÞ ¼ hFSjeitĤð0Þ
Q e−itĤQ jFSi, where Ĥð0Þ

Q is given
by Eq. (1) with g ¼ 0. The impurity absorption spectra are
obtained as

Aω ¼ ð1=πÞRe
Z

∞

0

dteiωtSðtÞ.

(a)

(b)

FIG. 2. Linear-response dynamics in the impurity frame after a
soft quench of the coupling strength γ: from γ ¼ 6 to γ ¼ 5. The
wave function at t ¼ 0 corresponds to the ground state at Q ¼ kF
and γ ¼ 6. (a) Evolution of δG2ðx; tÞ ¼ G2ðx; tÞ − G2ðx; 0Þ
showing oscillatory behavior of the fermionic density surround-
ing the impurity. (b) Dynamics of δG2ðx; tÞ at x ¼ x0 [dashed line
in (a)]. Notably, the Fourier transform of this signal (inset)
matches the frequency ωkF extracted from Fig. 1(b).

FIG. 3. (a),(b) Possible cold-atom setups. The initial wave function corresponds to jFSi ⊗ j0;↓i, where the hyperfine state j↓i does
not interact with the fermionic medium. (a) The impurity is first accelerated such that it acquires momentum Q; subsequent rf pulse
drives it into the hyperfine state j↑i strongly interacting with the host gas. (b) Alternatively, the two states j0;↓i and jQ;↑i can be
directly coupled by a two-photon Raman process. (c)–(f) The dynamical overlap function SðtÞ and the impurity absorption spectra Aω

for Q ¼ 0 (c),(e) and for Q ¼ kF (d),(f). We shifted frequencies in (e) and (f) such that the zero value in both panels represents the
corresponding ground-state oscillations. For Q ¼ kF, the Ramsey contrast jSðtÞj demonstrates switching from initial rapid decay for
times t ≲ 10tF to the lasting regime of slow dynamics. This behavior reflects inAω as it acquires a double-peak structure: The frequency
of the first peak is close to that of the ground-state oscillations, whereas the second peak corresponds to the collective mode ωkF ¼ ωPM.
Parameters are the same as in Fig. 1, except N ¼ 251.
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Figure 3(b) shows an alternative experimental setup [56],
where one employs the two-photon Bragg spectroscopy
[57–59]. In this latter situation, the dynamical overlap
function is modified by a nonessential phase factor.
The overlap function SðtÞ is computed analytically:

SðtÞ ¼ e−ifθðtÞ−E½Γ0�tg detf1 − ½1 − UðtÞ�ΓT
0g: ð12Þ

This expression is a generalization of the approach used for
the case of static impurity [55]. A numerical simulation of
Eqs. (6) indicates that SðtÞ exhibits long-time revivals
(roughly at t ≃ L=kF) associated with the finite system size
L. Below we, therefore, choose a sufficiently large system
such that these revivals do not appear up to the largest
simulation times.
For the case Q ¼ 0, shown in Figs. 3(c) and 3(e), the

Ramsey contrast jSðtÞj demonstrates a slow monotonic
decay; at long times it saturates around R0 ¼ jhGS0jFSij2,
which equals R0 ≃ 0.6 for the parameters used in Fig. 3.
Note, however, that in the thermodynamic limit, L → ∞,
this quasiparticle residue R0 should vanish—an analog of
the Anderson orthogonality catastrophe for the case of a
static impurity. This latter statement we explicitly verify
numerically in Appendix C, where we show that R0 decays
with the system size L as a power law. We note in passing
that this decay is much slower than in the case M ¼ ∞. In
the frequency domain, Aω displays a sharp peak at the
polaron binding energy E0, as it should be.
Figures 3(d) and 3(f) show the results for Q ¼ kF. We

find that SðtÞ demonstrates a qualitative change in its
dynamics roughly at t ≃ 10tF: The initial quick decay of
jSðtÞj, associated with the fact that the initial wave function
represents a far-from-equilibrium state for Q ¼ kF, turns
into a much slower power-law decay at longer times. This
behavior resembles the non-Markovian spontaneous emis-
sion of a two-level atom coupled to a nonflat photon bath
[60], in which case the initial fast decay is associated with
the large DOS of the collective mode, cf. Fig. 1(b). For the
impurity absorption spectra Aω, we find it acquires a
double-peak structure. Importantly, the second broad peak
corresponds to the collective mode ωkF—the dashed line in
Fig. 3(f) denotes the discussed plasmon-magnon mode
ωPMðkFÞ. The position of the first peak is close to the
frequency of the ground state at Q ¼ kF. There are a few
reasons for the small mismatch between them. First, we
find that the overlap RkF ¼ jhGSkF jFSij2 is suppressed: it
equals 4 × 10−3 for the parameters used in Fig. 3.
Therefore, the first maximum in Aω is shifted toward
higher frequencies, where the overlap of the initial wave
function and an excited state is more pronounced. Second,
such a small value of RkF further indicates that the intrinsic
dynamics is far from equilibrium. However, in an out-of-
equilibrium setting, our method is not expected to be exact.
Indeed, an explicit comparison in Appendix B of dynamics

in the NGS approach to that of the BA indicates that our
method displays a similar small discrepancy with the exact
result. Qualitatively, the method provides correct predic-
tions even for nonequilibrium problems. Finally, the small
mismatch could potentially be reduced by increasing the
frequency resolution, which requires a simulation of an
even larger system and for longer times.

C. Quantum flutter and its robustness

Equipped with our main results outlined above, we turn
to discuss the phenomenon of quantum flutter. While the
quantum flutter embodies a strongly out-of-equilibrium
character, its phenomenology, surprisingly, shares a lot in
common with the discovered here equilibrium collective
mode ωkF . Indeed, essentially arbitrary quenching of the
polaronic system [25,49] results in the development at long
times of long-lived oscillations of the polaronic cloud
surrounding the impurity. For the integrable situations, it
was shown that the frequency of those oscillations matches
the plasmon-magnon energy difference at kF. The robust-
ness of quantum flutter oscillations to quenching condi-
tions, together with the results of our work, suggests the
following interpretation. The initial (strong) perturbation of
the polaronic system results in exciting all kinds of possible
excitations. Only the ones with small relative group
velocities contribute to the impurity dynamics at long
times, while the role of the rest of them is to carry energy
and momentum away from the impurity. Although the
system is out of equilibrium, near the impurity, and at long
times, the dynamics should resemble the equilibrium
situation, such as in Fig. 2. This is (i) because both the
plasmon and magnon group velocities are zero at kF and
(ii) due to the enhanced density of states of the associated
collective mode ωkF , cf. Fig. 1(b). This physical picture
explains long-time flutter oscillations and their robustness.
We turn to discuss new insights that our work brings to

the physics of quantum flutter. The plasmon and magnon at
kF form a long-lived collective mode ωkF , although the
plasmon lives in the continuum of excitations of the
interacting system. The sharp collective mode is respon-
sible for a robust, long-lived oscillatory dynamics, inde-
pendent of quenching conditions. More generally, we
expect the development of such a collective mode provided
there exist two branches of excitations, which are required
to have zero group velocities simultaneously (as such, the
corresponding density of states are enhanced due to van
Hove singularities). In contrast to existing theoretical
approaches, our variational states enable an accurate
computation of the magnon dispersion away from the
integrable points. We remark that the plasmon-magnon
energy difference at kF shown in Fig. 1(e) is consistent with
the flutter frequency for M ≥ m obtained from density
matrix renormalization group simulations [25]. In the
regime of light impurity, M ≲m, the two approaches start
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to deviate, which warrants further investigation. A probable
reason for this is that it becomes notoriously difficult to
extract the flutter frequency reliably in this regime (see
Appendix D).

IV. CONCLUSION AND OUTLOOK

The Fermi-polaron Hamiltonian represents an instance
of an interacting many-body system without a small
parameter. As such, to establish the validity of any con-
clusions, it is crucial to verify that our chosen variational
states are sufficient to capture both equilibrium and out-of-
equilibrium properties. Importantly, it turns out that the
caseM ¼ m is Bethe Ansatz solvable, providing us with the
necessary ground for testing our approach. Specifically, in
Appendix A, we demonstrate that our non-Gaussian states
reproduce both the ground-state energies and many-body
correlation functions, for both repulsive and attractive
interactions. Benchmarking the out-of-equilibrium situa-
tion is more challenging. In Appendix B, we show that the
developed here variational approach captures the essential
features of the quantum flutter dynamics, although not
perfectly. Our work, therefore, establishes the reliability of
the non-Gaussian states in one spatial dimension, where
fluctuations are expected to be the strongest. Because of
efficient numerical implementation, these variational states
are promising to solve interacting many-body problems in
higher dimensions, where no such powerful numerical
methods as density matrix renormalization group exist,
with Monte Carlo-based approaches being the only alter-
native. They can be used for computing ground-state
properties, including many-body correlations and collective
modes, as well as out-of-equilibrium real-time dynamics.
Once we established the reliability of the non-Gaussian

approach, we turned to investigate collective excitations of
the polaronic system at equilibrium. Our main result is that
their spectrum contains a sharp peak when the total
momentum of the system equals kF, signaling the onset
of a new distinct collective mode. By analyzing polaron
dispersion for an arbitrary range of the mass ratios M=m
and interaction strengths γ, we concluded that this mode
represents nothing but the plasmon-magnon excitation at
kF. Our work suggests a close connection between the far-
from-equilibrium Fermi-polaron dynamics and equilibrium
collective excitations. This relation explains the robustness
of the phenomenon of quantum flutter to changes in model
parameters and initial conditions. Theoretical predictions
made in this paper can be tested with currently available
experimental systems of ultracold atoms. Specifically, one
can search for the following features that should appear
when the momentum of the impurity relative to the host
atoms reaches kF: (i) long-lived oscillations of the polar-
onic cloud, (ii) abrupt change in the time evolution of the
Ramsey contrast, and (iii) development of the double-peak
structure in the impurity absorption spectra at the Fermi
momentum. The frequency of oscillations can be tuned

experimentally by varying either the interaction strength γ
or the mass ratio M=m. From a broader perspective, our
work is inspired by the recent developments in designing
and studying controlled quantum systems using both solid-
state and cold-atom platforms. In particular, as modern
semiconductor technologies are approaching the quantum
domain with the current feature size of a few nanometers,
understanding far-from-equilibrium dynamics of interact-
ing fermionic systems will be crucial for the design and
operation of future electronic devices.
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APPENDIX A: BENCHMARKING THE
GROUND-STATE CORRELATIONS

WITH THE BETHE ANSATZ RESULTS

In the main text, we showed that for the case of repulsive
coupling γ > 0, the non-Gaussian variational approach
reliably reproduces exact ground-state energies, available
from the BA for M ¼ m. Figure 4 demonstrates that our
method also agrees with the BA for the case of attractive
coupling γ < 0. Remarkably, even the kinklike feature at
Q ¼ kF is reproduced. Below, we further compute various
many-body correlation functions via the variational
approach and compare them to the BA results.

FIG. 4. Polaron energy-momentum relation for the case of
attractive coupling γ < 0 (here we fix Λ ¼ 10kF). We find that
our variational calculation nicely reproduces the BA result,
adopted from Refs. [43,47].
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We first compute the two-point correlation function
G2ðxÞ defined in the main text. This correlator describes
the probability density to find a bath particle separated from
the impurity by the distance x. Within the Gaussian
variational approach, it is obtained as

G2ðxÞ ¼
L
N
hĉ†xĉxiGS: ðA1Þ

Figure 5 shows the comparison of our calculation (A1) to
the BA result adopted from Refs. [42,43], and we observe
an excellent agreement for both repulsive and attractive
couplings.
Another interesting observable to calculate is the

momentum distribution function of the impurity in the
laboratory frame:

nkðQÞ ¼ hψ labjd̂†kd̂kjψ labi ¼ hψLLPjd̂†kþP̂f
d̂kþP̂f

jψLLPi

¼
Z

L

0

dx
L
hexp ðixðkþ P̂f −QÞiGS: ðA2Þ

Using the formalism of Ref. [29], the latter expectation
value can be computed analytically:

nk ¼
Z

L

0

dx
L

eiðk−QÞx det½ðeiK̂x − 1̂ÞΓQ þ 1̂�; ðA3Þ

where K̂k;k0 ¼ kδk;k0 . This integral we evaluate numerically
once the covariance matrix ΓQ has been computed using the
imaginary-time evolution. In Fig. 6, we compare our
approach with the BA calculation of Ref. [47]: The
agreement between the methods is quite striking. We,
therefore, conclude that our non-Gaussian approach not
only predicts correctly ground-state energies but also
captures properties of wave function correlations.

APPENDIX B: BENCHMARKING
FAR-FROM-EQUILIBRIUM DYNAMICS

We now aim to test our real-time approach, encoded in
Eq. (7), and apply our formalism to the so-called quantum
flutter outlined below. Importantly, recent exact Bethe
Ansatz [49] calculations and simulations with matrix
product states [25] provide a necessary ground to bench-
mark our variational method.

FIG. 5. Comparison of the two-point static correlation function
G2ðxÞ: solid (red) curves correspond to the non-Gaussian
variational approach; dashed (black) lines represent the BA
analytical results adopted from Refs. [42,43]. We consider both
repulsion (left) and attraction (right). Parameters used are Λ ¼
15kF and N ¼ 51.

FIG. 6. Comparison of the impurity momentum distribution
function nkðQÞ: solid (red) curves correspond to simulations of
Eq. (A3); the BA results (dashed black lines) are taken from
Ref. [47]. Parameters are the same as in Fig. 5.

FIG. 7. Comparison of out-of-equilibrium correlations. (a) Evo-
lution of the impurity momentum for three different initial con-
ditions. Solid curves represent our variational simulations and
dashed curves show the BA results adopted from Ref. [49]. Note
(i) damped quantum flutter oscillations for intermediate times and
(ii) saturation of the impurity momentum at t → ∞. The non-
Gaussian approach well captures the initial dynamics and satu-
ration, but the discrepancy at intermediate times is clear. Parameters
used are γ ¼ 10, N ¼ 51, Λ ¼ 10kF. (b),(c) Momentum distribu-
tion function of the host-gas particles at t ¼ 5tF (b) and t ¼ 25tF
(c). These graphs demonstrate that dynamical NGS correlations are
in good agreement with those of the BA [49]. Parameters used are
γ ¼ 5, N ¼ 31, Λ ¼ 10kF, Pimpð0Þ ≈ 1.35kF.
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We choose the following initial state for the real-time
dynamics:

jΨlab
Q i ¼ jFSi ⊗ jQiimp: ðB1Þ

Note that the total momentum of the system is Q and,
hence, in the comoving frame, we can stick to a single
momentum sector.
In Fig. 7(a), we plot the evolution of the impurity

momentum PimpðtÞ and compare our results with the BA
calculations of Ref. [49]. The dynamics exhibits three stages:
(i) initial rapid decay during which the impurity redistributes
itsmomentum to the host-gas particles; (ii) intermediate-time
oscillations called quantum flutter; and (iii) saturation to a
steady statewith a nonzero impuritymomentum.We see that
ourmethod captures the three stages correctly, though there is
a clear discrepancy compared to the exact result at inter-
mediate times. This mismatch indicates that our variational
wave function is too restrictive to reproduce full transient
dynamics quantitatively. At the same time, the essential
physics is well reproduced qualitatively. Furthermore,
Figs. 7(b) and 7(c) show that the evolution of the fermionic
momentum distribution function computed with the NGS
approach matches well the BA results.

APPENDIX C: QUASIPARTICLE RESIDUE

Within the Gaussian-states framework, the quasiparticle
residue, defined as R ¼ jhFSjψGSij2 for Q ¼ 0, can be
easily computed:

R ¼ det½1̂þ 2ΓGSΓFS − ðΓGS þ ΓFSÞ�; ðC1Þ

where ΓFS is the covariance matrix of the filled Fermi sea.
The residue R becomes suppressed as a power law of the
system size L—see Fig. 8. For M ¼ ∞, this result is
known as the Anderson orthogonality catastrophe.
Because of the nonvanishing recoil energy in Eq. (1),
the suppression of the residue for the case of mobile
impurity M ¼ m is slower compared to the case of
infinitely heavy impurity.

APPENDIX D: COLLECTIVE MODES
FOR M ≠ m

Here, we provide more discussion of the properties of the
sharp mode for M ≠ m. Figure 9 shows the DOS of
collective excitations for M ¼ 0.5m [Figs. 9(a)–9(c)] and
M ¼ 2m [Figs. 9(d)–9(f)]. The case of heavy impurities
qualitatively resembles the M ¼ m result in Fig. 1(b): We
observe the development of a sharp peak at Q ¼ kF, but its
relative spectral weight decreases with increasing the
impurity mass—see also Fig. 10, which shows the DOS
at kF as a function of the mass ratioM=m. The case of light
impurities is different. As the impurity mass decreases, the
entire magnon branch approaches that of the plasmon so
that their dispersions become nearly parallel to each other
in a wide vicinity of Q ¼ kF. This, in turn, results in (i) a
rather dispersive peak in the DOS of collective excitationsFIG. 8. Quasiparticle residue as a function of the system size L.

The density of fermions is kept constant. Parameters used are
γ ¼ 5 and Λ ¼ 5kF.

FIG. 9. The DOS of collective excitations as a function of frequency ω and total momentum Q forM ¼ 0.5m (a)–(c) and forM ¼ 2m
(d)–(f). ForM ¼ 0.5m, we observe a rather dispersive peak; atQ ¼ kF, the DOS is notably broad (c). This is because the magnon branch
approaches plasmon for small impurity masses so that their dispersions are parallel to each other over a wide range of momenta near kF.
For M ¼ 2m, the peak at Q ¼ kF is sharp (f), but its spectral weight is relatively weak. Parameters are the same as in Fig. 1.
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[Fig. 9(a)] and (ii) a substantial broadening at kF [Fig. 9(c)].
This latter broadening indicates that it is challenging to
extract the quantum flutter frequency in dynamical simu-
lations reliably.
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