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The challenge of understanding the dynamics of a mobile impurity in an interacting quantum many-body
medium comes from the necessity of including entanglement between the impurity and excited states of the
environment in a wide range of energy scales. In this Letter, we investigate the motion of a finite mass
impurity injected into a three-dimensional quantum Bose fluid as it starts shedding Bogoliubov excitations.
We uncover a transition in the dynamics as the impurity’s velocity crosses a critical value that depends on
the strength of the interaction between the impurity and bosons as well as the impurity’s recoil energy. We
find that in injection experiments, the two regimes differ not only in the character of the impurity velocity
abatement but also exhibit qualitative differences in the Loschmidt echo, density ripples excited in the
Bose-Einstein condensate, and momentum distribution of scattered bosonic particles. The transition is a
manifestation of a dynamical quantum Cherenkov effect and should be experimentally observable with
ultracold atoms using Ramsey interferometry, rf spectroscopy, absorption imaging, and time-of-flight
imaging.
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The nontrivial dependence of frictional forces on the
velocity of moving objects is common to many classical
systems, from sliding friction between solid bodies to drag
forces in hydrodynamics. Electrodynamics provides an
even more striking example, where a charged particle
moving through a medium dissipates energy through light
emission only if its velocity is above the speed of light in
the medium, a phenomenon known as the Cherenkov effect
[1]. A similar effect in quantum mechanical systems can be
found when a particle travels through a superfluid. When
the impurity particle is moving at a constant velocity, as is
the case when it is so heavy that its recoil can be neglected,
the Landau criterion states that the particle will only
dissipate energy by generating excitations in the medium
if it is traveling above the speed of sound of the superfluid.
An impurity with finite mass, however, should exhibit
dynamics that is far more complex.
Recently, ensembles of ultracold atoms have emerged as

a versatile platform that is well suited to studying the
physics of impurities, enabling dynamical control of their
interaction strength and momenta. In a one-dimensional
quantum gas, for example, polaronic renormalization of the
impurity mass has been studied in Ref. [2]. Additionally, a

mobile impurity pulled through a one-dimensional quan-
tum gas by gravity was shown to exhibit Bloch oscillations
on top of a finite drift velocity in the absence of a periodic
lattice [3]. In a three-dimensional Bose gas cooled into a
Bose-Einstein condensate (BEC), the rf spectrum [4–6] and
Loschmidt echo [7] of the polaron quasiparticle formed by
the impurity and the BEC have been probed as a function of
interaction strength, but experiments have yet to examine
quantities that are sensitive to the finite momentum of the
impurity. For an infinite mass object, the speed of sound of
the superfluid BEC sets a kinematic scale according to the
Landau criterion, with a conical wavefront of Bogoliubov
excitations emitted as the relative motion of the system
exceeds this velocity [8–12]. A finite mass impurity,
however, would recoil due to interactions with the sur-
rounding quantum gas, yielding novel physics beyond the
kinematic picture. Quantum fluctuations become highly
relevant to the dynamics of even slowly moving impurities
with finite mass [13].
In this Letter, we investigate the interaction- and

momentum-dependent behavior of a finite mass impurity
moving through a three-dimensional BEC, focusing on
the case of negative impurity–BEC scattering lengths.
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We examine (i) the lowest energy state of the system at
finite momentum, which we refer to as the finite momen-
tum ground state (FMGS), and (ii) the stationary state
following the temporal evolution of the impurity in an
initial plane-wave state after interactions with the gas are
quenched on. In both scenarios, we find that the impurity-
gas interaction determines a critical system momentum,
Pcrit, upon which the system exhibits a transition between
two qualitatively different regimes. We observe that Pcrit
coincides for the FMGS and dynamical quench transitions.
At small and intermediate interaction strengths, Pcrit is set
by the effective mass of the polaron. The recoil energy scale
vanishes in the infinite impurity mass limit, where we
recover the Landau criterion with Pcrit ¼ jPcritj equivalent
to the impurity mass times the BEC’s speed of sound.
Below Pcrit, the polaron state overlaps with the free

impurity, and the impurity travels at an average velocity
slower than the BEC’s speed of sound, with this velocity
depending on the momentum of the system. Above Pcrit,
the polaron state is orthogonal to the free impurity and the
impurity travels at the speed of sound with the rest
of the system’s momentum carried by long wavelength
Bogoliubov excitations. In the injection experiment involv-
ing such a fast impurity, we find a shock wave and wake in
the density of the host liquid, with this modulation traveling
along with the impurity. In comparison to previously
studied shock waves in superfluids generated by constant
velocity heavy obstacles [9] or density defects [14–16], the
dynamics of the density cone we observe is modified by the
entanglement between the impurity and host atoms; this
entanglement is included in the theoretical treatment of the
system via the Lee-Low-Pines transformation [17] and
results in additional interaction between Bogoliubov exci-
tations (see [18] for details). We therefore call this density
modulation a “polaron shock wave.”
The finite momentum quantum transition we observe

draws parallels to the classical Cherenkov effect in that
the impurity injected into a medium above a medium-
dependent critical velocity saturates to a finite universal
speed at late times while generating a cone of excitations in
the medium.
Results.—We investigate an impurity immersed in a

three-dimensional BEC where the total momentum of
the system, P, is conserved. The system is spherically
symmetric, and P ¼ jPj represents the magnitude of the
total momentum. We treat the BEC using standard
Bogoliubov theory. The phonon excitations of the bath
have a dispersion that is quadratic at large momenta,
ωk ≃ k2=ð2mBÞ, and linear at low momenta, ωk ≃ ck,
where k ¼ jkj. Here, c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gBBn0=mB

p
is the BEC’s speed

of sound, mB is the boson mass, gBB is the boson-boson
interaction strength, and n0 is the condensate density. The
interaction between the impurity and BEC is parameterized
by the impurity-boson scattering length aIB, which
we express in units of the condensate healing length

ξ ¼ ð2mBgBBn0Þ−1=2. We use an interaction Hamiltonian
that keeps terms that are relevant for the strong coupling
regime. The Hamiltonian model and variational wave
function used to derive equations of motion are the same
as in Ref. [19], and in this work we tackle the numerical
challenge of solving the equations of motion with enough
resolution to accurately capture the physics of the system.
The methods are further discussed in [18], with more detail
provided in Ref. [20]. In this Letter, we examine the case of
negative impurity-BEC scattering lengths. The dynamics of
impurities with positive impurity–BEC scattering lengths
can be affected by the formation of multiparticle bound
states [19,21] and requires a separate analysis.
We now elaborate on how various observables both in

the FMGS and at long times after a dynamical quench show
signs of the transition as the total system momentum P
is increased. The second derivative of the FMGS energy is
discontinuous at a critical momentum Pcrit, which is
depicted by the solid black line in Fig. 1(a). We find that
the FMGS energy has the functional form

EðPÞ ¼
�
fðPÞ; P < Pcrit

cP; P > Pcrit
; ð1Þ

and for small and intermediate interactions,

fðPÞ ¼ P2

2m� ; Pcrit ¼ m�c; ð2Þ

where m� ¼ ∂2E=∂P2jP¼0 is the effective mass of the
polaron. The black dashed line in Fig. 1(a) depicts Pcrit
from Eq. (2), and we see that it matches the solid line for
weak and intermediate interactions.
The polaron’s group velocity, vpol ¼ ∂E=∂P, is equal to

the average velocity of the impurity in the FMGS,
vgsimp ¼ hΨgsjP̂impjΨgsi=mI, by the Hellmann-Feynman

theorem [22]. Here, jΨgsi is the FMGS and P̂imp is the
impurity momentum operator. These velocities transition
from an interaction-dependent subsonic value to the speed
of sound when Pcrit is crossed, as illustrated in Fig. 2(a).
The impurity’s momentum distribution function, nPimp

,
also exhibits a signature of the transition; its coherent,
δ-function part, with a weight given by the quasiparticle
residue Z ¼ jh0jΨgsij2, vanishes when Pcrit is crossed, as
shown in Fig. 2(b). Here, j0i is the plane-wave state
corresponding to a noninteracting impurity immersed in
a BEC. The shape of the residual, incoherent part of the
momentum distribution function becomes sharply peaked
at the critical momentum before broadening out again [18].
The finite momentum transition also manifests in the

dynamics of the system after the impurity is quenched
from a noninteracting state to an interacting state. The
orthogonality catastrophe defined by the vanishing Z gives
a natural motivation to examine the Loschmidt echo,
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(a) (c)

(b) (d)

FIG. 2. FMGS and dynamical observables that witness the quantum Cherenkov transition. The initial impurity velocity, vimpðt0Þ,
corresponds to the total momentum of the system, P, which is conserved. (a) FMGS polaron group velocity. (b) FMGS quasiparticle
residue. (c) Long time limit of the average impurity velocity. (d) Long time limit of the Loschmidt echo. The impurity-boson mass ratio
is mI=mB ¼ 1.

(a) (b)

(c)

FIG. 1. Quantum Cherenkov transition of a mobile impurity interacting with a 3D BEC. (a) Phase diagram depicting subsonic and
Cherenkov regimes. The black squares mark the critical total system momentum, Pcrit, numerically extracted from the discontinuity in
the second derivative of the FMGS energy. The black solid line is an interpolated guideline for the transition. The black dashed line
depicts m�c, where m� is the polaron’s mass, and c the BEC’s speed of sound. For weak and intermediate interactions, the dashed and
solid lines coincide. The red diamonds show the numerically extracted transition points for the long time limit of the dynamical protocol.
Panels (b) and (c) illustrate the real-space density distribution of atoms in the host liquid in each regime. The distributions are plotted at
time t ¼ 40ξ=c in the frame of the impurity propagating in the z direction. The impurity-boson mass ratio is mI=mB ¼ 1.
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SðtÞ ¼ eiðP2=2mIÞth0jΨðtÞi, which characterizes the dynami-
cal transition and can be experimentally measured using
Ramsey interferometry on the impurity atom [23,24]. Here,
jΨðtÞi is the wave function of the interacting system at time
t. Based on the equivalence of the long time limit of the
Loschmidt echo, jSðt∞Þj, and Z, shown analytically in
Ref. [25], we examine the behavior of SðtÞ for various
initial momenta in the quench protocol and observe a
dynamical transition: SðtÞ remains finite for small initial
system momenta but has a power-law decay SðtÞ ∼ t−γ at
long times for large initial momenta, as illustrated in Fig. 3.
The power-law behavior is reminiscent of the dynamical
response in systems featuring orthogonality catastrophe,
discussed for example in Ref. [23]. This form of the decay
also confirms that the time evolution of the system is non-
Markovian, as the use of the Markov approximation leads
to an exponential decay of SðtÞ and does not capture the
dependence of Pcrit on the impurity-gas coupling strength
[26–28].
We depict jSðt∞Þj in Fig. 2(d). Within our treatment of

the system, its power-law decay for large initial momenta
corresponds to a logarithmic increase of total emitted
phonon number at long times in the supersonic regime.
The numerically extracted critical momenta for the long
time limit of the dynamical protocol are depicted by the red
diamonds in Fig. 1(a). These values differ from the
extracted values of the FMGS transition at strong inter-
actions; we believe these differences are due to the structure
of our trial wave function, as discussed further in [18], and
may be reconciled using a generalization of the wave
function ansatz [29].
Motivated by the fact that the impurity velocity acts as a

signature of the FMGS transition, we also examine the dy-
namical impurity velocity vimpðtÞ ¼ hΨðtÞjP̂impjΨðtÞi=mI.
We find that its long time limit, vimpðt∞Þ, witnesses the
same transition as jSðt∞Þj. Specifically, we observe

vimpðt∞Þ ¼
�
constant < c; P < Pcrit

c; P > Pcrit
ð3Þ

as depicted in Fig. 2(c).
The density of atoms of the host liquid, naðr; tÞ, shows

qualitative differences on the two sides of the dynamical
transition. In the subsonic phase, the impurity generates a
rounded wave in the host gas density that propagates
outward faster than the impurity’s motion. In the
Cherenkov phase, the impurity generates a shock wave
and wake in the host liquid density, with this modulation
traveling along with the impurity even at late times. We
illustrate the typical Cherenkov and subsonic patterns in
Figs. 1(b) and (c), respectively, where we plot the integrated
density, naðx; z; tÞ ¼

R
dynaðr; tÞ, at a specific time t ¼

40ξ=c in the frame of the impurity propagating in the z dire-
ction. Both integrated densities, naðx; z; tÞ and naðz; tÞ ¼R
dxnaðx; z; tÞ, plotted in [18], are directly visible in

experiments via absorption imaging.
In [18], we show the time evolution of naðx; z; tÞ for

different interaction strengths and initial momenta. For
interactions weak enough that an initially supersonic
impurity decays toward c slowly, we observe the generation
of a shock wave whose cone angle gradually becomes
shallower as the impurity slows down. This dynamically
changing cone angle, resulting from a changing Mach
number vimpðtÞ=c, occurs due to finite recoil in the system
that is not present in the classical limit of an infinitely heavy
impurity. For strong interactions, the average velocity of an
impurity in the Cherenkov regime quickly decays to c as it
gets entangled with the host liquid. The impurity maintains
a shallow shock wave and wake as it travels with constant
average velocity c through the host liquid. Initially super-
sonic impurities that are in the subsonic regime, however,
stop generating a shock wave and wake as time progresses.
The existence of a persistent shock wave at late times
therefore depends on how much velocity an initially
supersonic impurity loses as it gets entangled with the
host liquid. This dependence of the observed Cherenkov
effect on the velocity of the entangled impurity highlights
the quantum nature of the transition arising from the
impurity’s finite mass and ensuing recoil.
If we make the boson-boson interaction in the host liquid

weaker, the speed of sound decreases. In the limiting case
of a noninteracting Bose gas, the system exhibits an
orthogonality catastrophe where the FMGS quasiparticle
residue will vanish for any choice of system parameters, a
prediction that is consistent with Ref. [30].
Discussion.—We find a quantum Cherenkov transition

that exists for all impurity-boson mass ratios and inter-
action strengths, with the case of unequal mass ratios
shown in [18]. In the limit of infinite mI , we recover the
kinematic Landau criterion for an macroscopic classical
obstacle propagating through a superfluid. Finite mI
introduces the impurity’s recoil energy as a relevant scale,

FIG. 3. Loschmidt echo dynamics. The black dotted line is a
visual guideline for the power-law decay of the Loschmidt
echo in the Cherenkov regime. The impurity-boson scattering
length is a−1IB ¼ −8.92=ξ−1 and the impurity-boson mass ratio
is mI=mB ¼ 1.

PHYSICAL REVIEW LETTERS 127, 185302 (2021)

185302-4



thus making the quantum nature of the impurity important
to the physics of the transition. For weak and intermediate
interactions, the transition can be described in terms of
mass renormalization by applying the Landau criterion to a
polaron quasiparticle with effective mass m�. For stronger
interactions, however, we find that this description is no
longer sufficient as Pcrit is larger than m�c, and the
momentum dependence of the FMGS energy, Eq. (1),
can no longer be captured by just m�. In contrast to the
classical Cherenkov effect, a mobile quantum impurity
injected into a quantum liquid expresses whether it is in the
Cherenkov regime only at late times. Further details of the
transition we find are discussed in Ref. [20].
The existence of a finite momentum transition in other

impurity systems, and whether the FMGS and dynamical
manifestations of such a transition occur at the same point,
can provide insight into how dynamical behavior can be
classified. For example, the finite momentum behavior of
an impurity interacting repulsively with a one-dimensional
Fermi gas has been examined [22,31,32]. There, a FMGS
transition exists as momentum is increased, while a
dynamical quench protocol similar to the one in our work
exhibits a crossover. Specifically, in the one-dimensional
gas studied in Ref. [32], the behavior of the postquench
long time limit of the average impurity velocity, vimpðt∞Þ, is
a smooth and nonmonotonous function of the initial
velocity vimpðt0Þ; it never reaches the speed of sound in
the gas. Furthermore, vimpðt∞Þ → 0 as vimpðt0Þ → ∞. This
behavior may be associated with the prevailing role of a few
initial central collisions between the impurity and host
particles in the one-dimensional gas; such collisions take
away virtually all momentum from the impurity. In con-
trast, for the three-dimensional gas studied in our work,
small-angle collisions play an important role, thus ensuring
that the impurity may have vimpðt∞Þ that remains far from
zero for any arbitrarily high initial impurity velocity, as
shown in Fig. 2(c). Two-dimensional gases may have
collisions in between these two cases, and therefore we
have no a priori conclusions about the behavior of vimpðt∞Þ
for large initial velocities in these systems.
Experimentally, the transition we observe can be

detected through time-of-flight imaging of a dilute impurity
gas immersed in a BEC. We have established that the
width of the impurity’s momentum distribution acts as a
signature of the transition in the FMGS. Alternatively,
Ramsey interferometry or rf spectroscopy, as detailed in
Ref. [24], can be used to detect the dynamical transition as
the onset of a power-law decay in the Loschmidt echo
signifies the critical point. Absorption imaging of the
density distribution of host atoms would directly reveal
the polaron shock wave and wake of sufficiently fast
impurities. We assume a homogeneous BEC in the vicinity
of the impurity, which can be realized using a sufficiently
large box trap. The dynamical quantum Cherenkov
transition we uncover provides a route to experimentally

pinpoint the characteristic dynamical properties of impu-
rities immersed in quantum liquids, which would grant
insight into the far-from-equilibrium behavior of quantum
many-body systems.
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