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Atomic scale qubits, as may be realized in nitrogen vacancy (NV) centers in diamond, offer the
opportunity to study magnetic field noise with nanometer scale spatial resolution. Using these spin
qubits, one can learn a great deal about the magnetic-field noise correlations, and correspondingly
the collective-mode spectra, in quantum materials and devices. However, to date these tools have
been essentially restricted to studying Gaussian noise processes—equivalent to linear-response. In
this work we will show how to extend these techniques beyond the Gaussian regime and show how to
unambiguously measure higher-order magnetic noise cumulants in a local, spatially resolved way. We
unveil two protocols for doing this; the first uses a single spin-qubit and different dynamical decou-
pling sequences to extract non-Markovian and non-Gaussian spin-echo noise. The second protocol
uses two-qubit coincidence measurements to study spatially non-local cumulants in the magnetic
noise. We then demonstrate the utility of these protocols by considering a model of a bath of non-
interacting two-level systems, as well as a model involving spatially correlated magnetic fluctuations
near a second-order Ising phase transition. In both cases, we highlight how this technique can be
used to measure in a real many-body system how fluctuation dynamics converge towards the central
limit theorem as a function of effective bath size. We then conclude by discussing some promising

applications and extensions of this method.

I. INTRODUCTION

Over the last few decades, a large and sustained ef-
fort has been made in developing qubits for the purposes
of quantum information processing and computing. As
a result, significant advances have been made not only
towards isolating, but also controlling and manipulating
qubits across a number of solid-state platforms ranging
from superconducting qubits to color-center defect spins.
These capabilities also make solid-state defect spins, such
as nitrogen-vacancy (NV) centers in diamond, particu-
larly well-suited for advanced quantum sensing applica-
tions. By utilizing the high sensitivity and small spa-
tial extent of such solid-state spin qubits, small magnetic
fields can be studied on nanometer length scales.

An emerging application of these nanoscale spin-qubits
is their ability to also measure magnetic-field noise spec-
tra [1], allowing them to probe magnetization dynamics
as well as statics. This modality of operation, known as
noise magnetometry, essentially operates the spin-qubit
as a spatially local probe of the magnetic noise bath
through the induced effect of the magnetic noise on the
qubit’s energy- and phase-relaxation times (7} and T5).
Theoretically, noise magnetometry has been proposed to
be a useful tool for sensing a wide range of interest-
ing phenomena in condensed matter physics including
superconductors [2-7], spin-liquids and magnetic insula-
tors [8], Landau levels [9], Wigner crystals [10], semimet-
als [11], dynamical critical phenomena [12], as well as
strongly-correlated electron systems [13-15]. Experimen-
tally, these techniques have recently been successfully ap-

* jon.curtis.94@gmail.com

plied to a number of interesting systems including met-
als [16], topological antiferromagnets [17], ferromagnets
with signatures of magnon hydrodynamics [18], criti-
cal points of magnetic systems [19], and strongly cur-
rent biased graphene junctions [20]. Recently efforts have
started to push towards using multiple spin-qubits in tan-
dem in order to measure spatial correlations in magnetic
noise across a wider range in distance [21, 22], or pre-
pare correlated states of these spin-qubits via their shared
magnetic bath [23, 24]. In the context of bulk diamond,
dense of ensembles of NV centers have also been used to
probe quantum many-body dynamics [25-28].

While this has been a fairly successful program, it fun-
damentally explores only the second moment of the mag-
netic noise and therefore is essentially limited to probing
linear response functions (via application of the fluctu-
ation dissipation relation). While the second moment of
the magnetic field, which can essentially be captured by
an effective Gaussian model for the field fluctuations,
holds a large amount of information about the nature
of collective excitations in a material, it is expected that
the complete description of the magnetic field fluctua-
tions should not be able to be captured by any effective
Gaussian model. A particularly striking example is that
near a second-order phase transition large fluctuations
in the order parameter lead to violations of the central
limit theorem. However, these violations of the central
limit theorem are not directly visible unless the higher-
order correlation functions are measured. This then raises
the pressing questions of (i) whether we can access these
higher moments using local noise magnetometry, and (ii)
if so what information can we discern from them? We
will answer both of the these questions in this work, and
in doing so show that NV center spin-qubits are ideally
suited for exploring many-body correlations in quantum
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materials.

In principle, it is known that many systems exhibit
nontrivial higher order counting statistics; an early ex-
ample is the Hanbury Brown and Twiss (HBT) intensity
interferometer, which measures correlations in the inten-
sity of light and has been used to great success in mea-
suring the angular size of distant stars [29]. Such inten-
sity correlation functions, and in particular the second-
order optical coherence function g(®(7) = (: I(7)I(0) :
)/({I(0)){I(7))), where I(7) is the quantized intensity
operator for the light field and is itself second order in the
electric field operator F/(7), have since played a central
role in the development of quantum optics. An important
example was the observation of photon antibunching [30],
which roughly corresponds to measuring g(2)(0) <1, and
implies that measuring a photon at time ¢ = 0 precludes
the observation of a second photon at short times 7 — 0.
This is known to only be possible if the incident light
arrives in discrete units and therefore confirms the quan-
tum nature of light; functionally, measuring ¢‘®(0) < 1
is important in confirming that the emitting light source
can operate in the “single-photon” regime.

In systems of ultracold atomic gases HBT and
higher-order correlations have been measured in both
bosonic [31] and fermionic [32] gases, wherein noise cor-
relations have been used to reveal signatures of many-
body correlations [33] such as Cooper pairing [34] or to
directly compare particle statistics [35]. The full distribu-
tion function of interference fringes in a one-dimensional
Bose-Einstein condensate has also been measured [36],
with the dynamics of non-Gaussian correlations having
even been extracted [37]. In solid-state physics however,
the situation is much less developed. While theoretically
it has been proposed that measuring the full counting
statistics of charge conductance in a one-dimensional
channel can be measured [38-40] and used to reveal the
physics of e.g. Luttinger liquids [41], measuring this in
a solid-state system has been challenging. More recently,
it has been proposed that HBT-type optical coherence
functions could be used to probe higher-order correla-
tions in quantum materials which interact with detected
photons [42-45], however these techniques are expected
to be diffraction limited to essentially zero momentum-
space resolution, and operate at relative high frequencies.

If in a similar manner, the higher cumulants of the
magnetic noise could be extracted using a nanoscale lo-
cal spin-qubit such as an NV center, it could potentially
unearth a great deal of information about the nature of
magnetic excitations and their interactions in quantum
materials where it is otherwise inconceivable to obtain
the level of detail that can be seen in quantum simula-
tors and ultracold atom systems. For instance, were it
possible to obtain such a degree of spatial resolution in a
condensed matter material system, it might be possible
to study braiding and fractionalization in spin-liquid sys-
tems [46-48], a task which has been notoriously difficult
through existing probes.

In this work we will propose a number of protocols

which can be implemented in local spin-qubit systems
such as NV centers in order to isolate higher-order (i.e.
non-Gaussian) noise cumulants, very much in the spirit
of the original proposal by Levitov, Lee, and Lesovik [38].
It has long been known that non-Gaussian noise pro-
cesses can have a particularly detrimental effect on the
coherence of qubits, leading to the vexing “two-level
system noise” which can limit the coherence times of
superconducting qubits [49-54]. Concomitantly, it has
been proposed that qubits may be useful for measur-
ing non-Gaussian noise correlations [53, 55-60], as re-
cently demonstrated in the case of single superconduct-
ing qubits [61], single NV-centers [62, 63], and trapped
ions [64]. However, the utility and application of these
protocols for sensing non-Gaussian correlations in quan-
tum material settings has been limited and relatively un-
explored. Similarly, a few protocols for using multiple
qubits in order to extract spatial correlations in noise [58]
have been demonstrated in quantum-dot spin qubits [65],
superconducting qubits [66], and recently NV centers as
well [21, 67]; however, these protocols have been so far
restricted to Gaussian noise correlations. For instance,
Ref. 68 comprehensively studies the second-order cross-
correlations between two NV centers in great detail, but
does not explore the higher order cumulants. Ultimately,
despite these significant advances, a comprehensive set
of protocols which can be used to systematically isolate
and probe non-Gaussian noise correlations in quantum
materials has remained elusive.

In this work we present a simple, comprehensive, and
extensible set of protocols which can be applied to NV
center spin-qubits in order to extract non-Gaussian noise
cumulants from magnetic field noise across a variety
of length scales. Building on the spin-echo protocols of
Refs. [53, 55-57, 59], our protocols fundamentally hinge
on the novel capabilities offered by the local, scanning na-
ture of atomic spin-defects like NV centers which makes
them ideally suited for studying non-Gaussian noise cor-
relations in quantum materials and devices. In the case
of a single spin-qubit, we will show how dynamical de-
coupling spin-echo sequences can be combined with local
noise magnetometry in order to study scale-dependent
non-Gaussian correlations in a material system. We also
address multi-qubit systems [68, 69], such as the one re-
cently implemented in Refs. [21, 67, 69, 70], and show
that either coincidence measurements or entangled “Bell-
state echo” techniques (similar to those employed in
Refs. [65-67, 70]) can be used to isolate spatially non-
local multipoint correlations in non-Gaussian magnetic
noise. This is particularly exciting given the demonstra-
tion of two-photon interference effects [71], and more re-
cently of entanglement between two NV centers and the
usage of this entanglement as a resource for measuring
noise [67, 70]. Finally, we consider applying these tech-
niques to specific examples of interesting magnetic sys-
tems which may exhibit non-Gaussian magnetic noise.
First, we consider an ensemble of independent bath spins
exhibiting a random telegraph noise process and show



how by varying both the spin echo-time and qubit-
sample distance, non-Gaussian correlations can be ex-
tracted from the magnetic noise in a paramagnetic sys-
tem and how, in the thermodynamic and long-time limit
Gaussianity is recovered, as anticipated from the central-
limit theorem. We then show how this technique can
be used to study the non-Gaussian nature of fluctua-
tions at a critical point, where spatial correlations be-
come important; specifically, here we will consider the
case of a second-order Ising-type magnetic phase tran-
sition and show how this technique is able to measure
the scale-dependent correlated magnetic noise. Finally,
we conclude by offering a number of fascinating perspec-
tives on how these new techniques may be implemented
in solid-state systems in order to probe new aspects of
quantum many-body physics in real material systems.

The remainder of this paper is organized as follows.
In Sec. IT we provide a brief review of how noise spec-
troscopy works in the case of Gaussian noise processes,
and why it is difficult to extract higher cumulants. Then
in Sec. IIT we show how spin-echo sequences can be used
to isolate non-Markovian non-Gaussian higher noise cu-
mulants. =In Sec. IV we provide two protocols useful for
extracting spatially non-local non-Gaussian noise cumu-
lants which are amenable to multi-qubit setups. Then, in
Sec. V we provide examples of how higher-order cumu-
lants can be extracted from model systems and highlight
the novel capabilities offered by local noise spectroscopy
when studying these nonlinear noise correlations. Finally,
in Sec. VI we conclude and offer a perspective on further
uses and applications of this technique for studying quan-
tum materials.

II. GAUSSIAN NOISE SPECTROSCOPY

It will be helpful to first briefly review how typical
Ramsey spectroscopy works. We first consider the case
of a single qubit with Hamiltonian

H(1) = SA(0)6 (1)

where A(t) is a fluctuating time-dependent splitting
which, in the case of the spin-qubit is given in terms
of the magnetic field at the qubit location B(rnvy,t) by
A(t) = gupn-B(rnvy,t), where gup is the spin magnetic
moment and n is the spin quantization axis of the NV
spin. We will consider the case where A(t) is fluctuat-
ing in time with zero mean, which can also be accom-
plished by passing to a rotating frame. Furthermore, we
will assume the fluctuations of A(t) is a classical time-
translation invariant stochastic process; details of how
this will be generalized to a quantum process can be
found in Appendix A.

In order to probe the noise spectrum we will perform
a Ramsey spectroscopy sequence, illustrated in Fig. 1(a).
Here and throughout we will assume the qubit is decou-
pled from the system for ¢ < 0; in reality this is not true,
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FIG. 1. (a) Basic Ramsey sequence for duration ¢ in the pres-
ence of fluctuating level splitting A(t). (b) Resulting density-
matrix coherence plotted as a function of Ramsey time 7
for both white noise (dashed black) and correlated noise with
correlation time 7 (solid blue).

but rather it is expected that qubit will be in an unpolar-
ized mixed state of p(-o0) = %]l. Then, at time ¢t = 0 the
qubit is initialized in the |+) = %(|O) +|1)) state using
a /2 rotation around the y-axis, enacted by the unitary
operator Yﬂ/g = (1 +1i6,)/v/2. The qubit is then allowed
to evolve under the Hamiltonian in Eq. (1) for a time 75
(the Ramsey time), at which point a second 7/2 rota-
tion is applied and the qubit population is measured. At
time TR just before measuring, for a particular realization
(unravelling) of A(t), the state of the qubit is

1.
p(tr) = 5 []l +cos Xo, +sinX€7y], (2)
where the phase acquired is

X:AWAMﬁ. (3)

As this is a fluctuating over realizations of the noise, the
density matrix must be averaged over the bath in order to
predict the behavior of a measurement. We denote here
the bath averaging by the symbols (-}, which averages
the enclosed functional over the distribution of A(t).

Averaging and measuring the qubit population gives
access to

(6:) = (cos X)) = Ree™™). (4)

Note that, in particular this measurement protocol de-
scribed gives access to {cos X)). If the noise processes
has reflection symmetry such that odd cumulants van-
ish, this will be equivalent to the full function {(e=**). If
this is not the case, then one must be careful of the fact
that in this case the quantities measured are all missing
information about the odd cumulants. Here we will not



dwell on this distinction and assume we can deal with the
full cumulant function {e~*X) unless otherwise specified.

We then find the standard result that the coherence of
the density matrix dephases over time, and is character-
ized by the decoherence function

Cx =log(e™™). ()

Within a Gaussian, but potentially non-Markovian, ap-
proximation for the correlations of A(t), we find that the
coherence function generically decays as

Cx = -3 (X2).

L%Am%[fﬁmmmAwm>6>

Here we introduce the notation that {X™). is the con-
nected correlation function for X", obtained by sub-
tracting lower order cumulants of X. This is illustrated
schematically in Fig. 1(b), which shows typical decay
profiles for the Ramsey coherence both in the case of
Markovian white noise (dashed black curve), which ex-
hibits purely exponential decay, as well as exponentially
correlated noise (solid blue curve), with correlation func-
tion

(AGDA(R)) = et m

27¢c

which leads to the well-known Kubo lineshape decoher-
ence function [72, 73]

TR Te
Cx=—2yler_
G o8 TQ[

e TR, (8)
Here 7, is the correlation (memory) time of the bath,
whereas Tb is the resulting dephasing time (valid for
Ramsey times longer than the correlation time). More
generally, we find the well-known result [72, 73] that in
terms of the bath spectral function, defined by

(AAw) = [ SEa@e=t, )

the decoherence function is given in the Gaussian approx-
imation as

CX:fd?stmQ(@). (10)

w? 2

Therefore, by studying the time-dependence of the de-
phasing it is possible to infer properties about the noise
correlation function, such as the amplitude of the noise
as well as the correlation time.

In the case of the spin-qubit this allows us to inter-
rogate the properties of the magnetic field noise (and
therefore spectrum) at the qubit location, which can be
controlled and manipulated with nanometer spatial reso-
lution. For instance, the spectrum of magnetic field noise

(projected onto the z axis) at a distance z above a two-
dimensional sample can be related to the near-field s-
polarized reflection coefficient 7,(q) [74] of the sample
via (see Ref. 13)

N, (w,2)

w *
= % coth(%) Im ; %QQTS(q)EQZq. (11)
We can then therefore learn about the dispersion of col-
lective excitations in the material by studying how this
noise depends on the distance z and Ramsey time 7g,
which in turn control the momenta and frequencies sam-
pled via g ~1/z and w $ 1/7R.

A. Difficulty in Extracting Higher Moments

It is important here to remark that ultimately, the
insights gained through this protocol are based on the
Gaussian approximation that

log(e™X) - (X2).. (12)

It is the main goal of this work to show how to sys-
tematically go beyond this approximation, so that in
addition to the second moments of the noise distribu-
tion, further higher-order moments can also be character-
ized. This would potentially be of great interest, as these
higher moments may uncover a wealth of information not
only about the collective excitations of a material, but
also their interactions, potentially their statistics, and
finite-size and mesoscopic fluctuations. In the spirit of
the fluctuation-dissipation relation, this is also equiva-
lent to probing the nonlinear response functions of the
system by virtue of their imprint on the non-Gaussian
fluctuations.

In principle, it is clear why it is possible to obtain these
moments; this relies on the simple observation that the
decoherence function Cx is in fact nothing by the cumu-
lant function of the phase, which in general admits an ex-
pansion beyond Gaussian order in terms of higher-order
cumulants (up to a phase) as

gk

Cx=>0C,= (13)

1
<l

n

For a Gaussian process with zero mean, this expansion
truncates at second order, justifying the approximation
in Eq. (12). However, for a general non-Gaussian pro-
cess this expansion will not terminate, and higher-order
cumulants are known to characterize deviations of the
distribution from Gaussianity (such as the so-called kur-
tosis which is related to the fourth moment of the distri-
bution).

The main difficult thus far has been in isolating these
higher order cumulants unambiguously. This is ulti-
mately due to the fact that, for a particular Ramsey time



TR, one can only measure the decoherence function Cx at
one argument. It is in principle always possible to use this
to reconstruct the lowest second-order moment (which
may still be non-Markovian), but without more knowl-
edge about the distribution of the phase it is not possible
to reconstruct the higher moments unambiguously. Put
differently, in order to extract the higher-moments one
must in fact know the cumulant generating function,
defined in terms of a parameter A

Cx () = logfexp (~iAX)) - i G

The n'" cumulant is then obtained by differentiating with
respect to A (not 7g) n times; physically however, we only
ever have access to A = 1 and therefore it is not possible
to obtain the necessary derivatives to extract more than
one cumulant (which is typically taken to be the lowest
non-trivial cumulant arising from Gaussian noise). In the
next section, we will show how by using a set of multiple
different pulse sequences, it is possible to circumvent
this issue and systematically probe higher-cumulants of
the magnetic noise.

III. SINGLE-QUBIT NON-GAUSSIAN ECHO
A. Simple Model

In order to solve this problem, it is first instructive
to consider a simpler example. Suppose we have random
variables X; and X5, and we wish to characterize their
higher moments. For instance, these may be thought of
as corresponding to the phase accumulated by the qubit
during two successive time intervals [-71,0] and [0, 72].
Then, the cumulant functions may be used to character-
ize X7 and X5 via

—) (15a)

(15b)

CXl = 10g<<€
Cx, = log{e™*).

If the variables are drawn from the same distribution (as
we have assumed here), then these two cumulants will
be the same. Motivated by the observation that if X3
and X5 are both Gaussian variables, then X; + X5 are
also Gaussian, we then can also consider the cumulant
functions for these variables, which are

i (162)

(16b)

CX2+X1 = log«e

Cx,-x, = log((eX27X2)y),

Now, let us consider first consider the case that the vari-
ables are Gaussian distributed. In this case the cumulant
functions are known in closed form as they truncate at

quadratic order, and read

1
Cx, =€) = S {XT)e (17a)
1
Cx, =C%) = =5 (XF)e (17b)
1
Cxpex, = Cy, =5 (K2 v X)) (170)
1
Cxaoxy =C%)x, = - H((Ka- X)) (17)

Here we have indicated the truncation of Cx to the second
order cumulant by Cg?) which we again point out is exact
in the case where the variable X is Gaussian distributed.

In this case, we note that these quantities are not in-
dependent, but instead satisfy the relation

OZCX2+X1+CX2,X1—2CX1—2CX2. (18)

This is simply seen by expanding out the cross-terms in
the covariances. We then see this immediately gives us a
diagnostic for determining if X; and X5 are not Gaus-
sian since we can simply check whether the quantity

FX17X2 = CX2+X1 +CX2—X1 - ZCXZ - QCXI

= log [ (/XX (T X0 /(e X (7))
(19)

deviates from zero. For instance, in the case where the
distribution of the variables X; and X5 can be charac-
terized by both quadratic and quartic moments [75] (i.e.
the cumulant function truncates at fourth order without
skewness), we can directly compute

I - 2(X2X3).. (20)

This therefore gives us direct access to at least some of
the higher order correlation functions. In fact, as will be
important later, the echo spectroscopies described here
naturally give access to the real-part of the coherence,
{cos X)). As a result, we find that even if there is a non-
vanishing third cumulant, it is not extracted using this
protocol, and the leading contribution to I'x, x, will still
be due to the fourth cumulant.

We also remark here that in fact, this diagnostic is
much stronger than simply probing the non-Gaussianity.
Indeed, while it is evident that if X; and X5 are Gaussian
distributed, then I' = 0, the converse is not true. This is
easily seen by noting that if X and Y are arbitrarily
distributed but statistically independent then

((eii(XQin)» _ <<64‘X2 ) <<6¢iX1 ) (21)

and as a result, the cumulant functions will remain addi-
tive even if they are not quadratic. As such I'x, x, will
also be identically zero in this case. Therefore this diag-
nostic is in fact a very powerful probe for the distributions
as it is non-zero only if X; and X5 are correlated and
non-Gaussian variables.
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FIG. 2. Pulses used to isolate non-Gaussian correlations of sig-
nal. Accumulated phases X1, X2 and X3 + X; are measured
by three Ramsey sequences of duration 71,72 and 71 + 72. The
difference phase X2 — X3 is acquired using a Hahn echo se-
quence with echo at time ¢ = 0, which essentially reverses the
phase acquired before the 7-pulse, obtaining X5 — X7.

B. Application to Qubit Dephasing

By making use of our original analogy, we should then
be able to probe the non-Gaussian correlations in the
magnetic noise provided we can measure the four differ-
ent cumulants corresponding to X7, Xo, Xo+ X, Xo—X;.
We will here consider the case where the two periods of
the echo sequence may have unequal durations, of 7, and
To respectively, with the phases acquired over these echo
times indicated by X; and Xs.

If we consider

X, = [O A(t)dt (22a)

-
X = fo " At (22b)
we then see that Cx, and Cx, simply correspond to regu-
lar Ramsey sequences of duration 71, 75 respectively. Like-
wise, the additive cumulant Cx,.+x, corresponds simply
to the Ramsey sequence of duration 7 + 75 by the ad-
ditivity of integrals. The only new ingredient needed is
therefore the cumulant Cx,_x,. In order to obtain this,
we need obtain the phase evolution with an effective time-
reversal applied at ¢t = 0. In fact, this is also not difficult
to obtain, and corresponds to a simple Hahn spin-echo.
These four combinations are illustrated in Fig. 2.

The Hahn echo sequence we will employ is very similar
to the Ramsey sequence. After preparing the initial state
and evolving for time 7 we have again the density matrix

[1+e ™ 1)(0] + e 0)(1]]. (23)

DN —

p(07) =

Now we perform a 7 rotation around z, which implements
the Hahn echo protocol. This acts by X = 16, on the left-
and right of the density matrix and therefore swaps the

coherences so that immediately afterwards we have

—_

p0%) = 6,p(07)6, = 5 [+ e X1 0)(1] + X [1)(0]].
(24)
Now, we proceed to further evolve for a time 75 before ap-
plying a second 7/2 rotation to arrive at the final density-
matrix

N}

plrz) = 5 [+ D) a4 D )] (25)

We see that the phases before and after the echo acquire
opposite signs. If we now perform the final step of the
Hahn echo protocol and measure the population of the
density matrix (which again must be bath averaged), we
will obtain the required object of

(62) = (cos(Xz = X1))) = Cx,-x, = log((e”*27XD)),
(26)
From the Hahn echo and the three different Ramsey
echoes we can obtain the four cumulant functions



Cx, = log{exp (—i

-T1

Cx, = log{lexp (—i A " th(t))))

0
aA(1)))

(27a)

(27b)

Coyox, = log{lexp (—i [ " th(t)))) (27¢)

-7

Cx,-x, = log{exp (—i [/;72 dtA(t) -

We can then use this to compute the diagnostic I'x, x, . If
we again assume the distributions have only second and
fourth moments we can relate this to the fourth moment
of the magnetic field noise as

1 0 0 T T
= f dty f dts / Cdts [ dty
—-T1 —T1 0 0

(AG)A(E2)A(t3)A(t))e-

This then allows us direct access to the fourth order mo-
ments of the magnetic field noise, and in turn the higher
moments of the magnetization or currents that generate
this correlated noise.

It is worth commenting that here we have shown how,
by using different Ramsey and Hahn echo sequences, it
is possible to isolate a particular non-Gaussian noise cu-
mulant. However, in a realistic setting, the efficacy of
this procedure may be diluted by typical static inho-
mogeneous broadening mechanisms which are expected
to also affect such NV center spin qubits. These mecha-
nisms can be viewed as sources of magnetic noise that is
extremely low frequency and therefore essentially static
but varies shot-to-shot. These lead to a broadening of
the linewidth however can be rephased using the echo
sequence, since over the duration of the echo experiment
the noise is essentially static. As a result, this can lead
to a highly non-Gaussian (if the distribution of the level
broadening is also non-Gaussian) noise cumulant which
is however fairly uninteresting. This has been remedied in
the context of Gaussian (linear) noise spectroscopies by
replacing Ramsey sequences with Hahn echo, or higher
dynamical decoupling sequences [72, 73], such as the
Carr-Purcell-Meiboom-Gill (CPMG) sequence, which fil-
ters out low-frequency noise.

Though we will not examine this in depth here, a
similar approach should be possible to isolate the non-
Gaussian noise cumulants by utilizing appropriate higher
dynamical decoupling echoes, as shown in Ref. [56]. In
particular, by replacing the simple Ramsey sequences
with Hahn echoes we can make the identifications

(28)

-71/2 0

X, =- f dtA() + f LA (29a)
-7 —-11/2
T2/2 T2

Xy=- fo dtA(E) + [ Dbyt (20b)

f th(t)]))). (27d)
{
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FIG. 3. Pulses used to isolate non-Gaussian correlations
and filter out static noise, with additional X, gates (shown
smaller) used to cancel out static (non-Gaussian) noise. Evo-
lution durations are colored according to the sign of the phase
evolution on that interval (with red for -1 and blue for +1
evolution polarity). Every sequence is seen to be overall com-
pensated.

This is equivalent to the pulse sequences shown in Fig. 3.
The non-Gaussian noise can then be computed explic-
itly in the frequency domain up to fourth order. This
is expressed in terms of a non-Gaussian noise polyspec-
trum [56]

F(4) (wl,OJQ,OJ3,LU4) = <<A(OJ1)A(OJ2)A(OJ3)A(OJ4)>>c(, )
30
which is expected in the presence of time-translational
symmetry to be proportional to §(¥;w;) and fully sym-
metric under interchange of frequencies, and a non-
Gaussian filter function. For simplicity, we will only
present this for the case where 71 = 75 = 7. In the simple
lowest-order Ramsey protocol illustrated in Fig. 2 this
reads

1 & 4 9
Wl({;)rnsey({w}; TR) == . cos(w;Tp+wiTr) [ [ — sin(w;Tr/2).
6 j<k=1 j=1 wj

(31)
This then gives the non-Gaussian contribution to the



Ramsey echo of

1
e ) =5 [ AODWD, e (@himn).

(32)
This is sensitive to the noise at zero frequency and thus is
often undesirable. By using the compensated Hahn-echo
sequences illustrated in Fig. 3 we instead find the filter
function of

4

51’ C72

1 44
WI({i)hn({w}Q TR) = 6 Z COS(WjTR""WkTR) H o sin® (ijR/4F,IG. 4. Schematic depiction of spectroscopy for spatially cor-
J

<k=1 Jj=1"%7
(33)
and the non-Gaussian noise in the Hahn echo of

M) =5 [ MD)W, (i) ()

Unlike the Ramsey protocol, this is then seen to be insen-
sitive to static noise, and therefore is likely more useful
in a realistic experiment.

Finally, we comment that while the treatment thus far
has assumed a classical noise source, in Appendix A we
show that this analysis essentially carries through un-
changed even if the noise is of quantum mechanical ori-
gin [76], at least provided the following criteria are sat-
isfied during the evolution: (i) the state of the qubit is
completely decoupled before initialization (it should suf-
fice for it to also be a completely mixed state), (ii) the
transverse coupling to the bath is negligible at the work-
ing frequency scale, (iii) only Clifford-type m-rotations
are used in the dynamical decoupling sequence. It would
be interesting in future works to consider relaxing this
last assumption, as allowing for dynamical decoupling se-
quences which also feature, e.g. 7/2 rotations, could lead
to coupling between the “quantum” and “classical” spins
configurations in the language of the Keldysh formalism.
This could then allow for probing the response functions
of the bath as well as the noise correlation functions,
similar to what was shown in Ref. [77]. We now move on
to consider a complementary case; that of spatially corre-
lated non-Gaussian noise, and how this may be extracted
using multiple qubits.

IV. MULTI-QUBIT SENSING OF SPATIAL
NON-GAUSSIAN CORRELATIONS

In the previous section, we showed how by using a com-
bination of spin echo sequences it was possible to isolate
the non-Markovian and non-Gaussian cumulants of the
noise spectrum. It is also interesting to consider whether
a similar procedure can be implemented but access non-
local spatial correlations instead of non-local temporal
(i.e. non-Markovian) correlations; in short, we will show
that this is possible provided one can perform coinci-
dence measurements between the two qubits. This is dif-
ficult but has been experimentally implemented in the
case of NV centers [21], including a recent demonstra-
tion that entangled states can be prepared and used for

related noise. Each qubit (color coded to red for 1 or blue for
2) is sensitive to the field fluctuations in a quasi-local area
R1,Re respectively. If these qubits are entangled they can be
used to probe the mutually correlated magnetic field fluctua-
tions of an underlying material (purple wavy lines emanating
from the overlap).

noise spectroscopy [67] and sensing [70]. It is also possi-
ble to remotely-entangle distinct qubits using two-photon
interference effects [71].

To do this, we consider a situation with two identical
qubits placed at different locations in the sample. This
is shown schematically in Fig. 4, which shows each qubit
along with the region of fluctuations each one is sensitive
to (in reality this is not a sharply defined area). Rather
than utilizing a Hahn echo sequence, we will show that
by performing Ramsey spectroscopy using appropriately
prepared or measured qubits, one can access the non-
Gaussian spatial correlations.

We will present two pathways towards realizing this.
The first method requires only single-qubit control gates
as well as the ability to perform two-qubit coincidence
measurements and is likely easier to implement in NV
center platforms, as it has already been demonstrated in
Ref. 21. The second protocol instead can be performed
using only local population measurements, but it requires
the ability to implement entangling gates between the
qubits, which may be difficult for NV centers but possible
in, e.g. quantum dots [65]—though recent experiments
are very encouraging in this direction [67, 70, 71].

Let us indicate the qubits by 1,2 with system-bath
coupling Hamiltonian

H(t) - %Al(t)c}f . %Ag(t)&g. (35)

The two splittings A; 2(t) are in principle correlated and
related to the magnetic field noise at the location of each
qubit via

A;(t) = gjupn; - Bj(ry,t), (36)
where g;,n; are the magnetic moment and quantization

axis of the j* spin, located at r;. For the moment we
leave these general however.



A. TUnentangled Echo Spectroscopy

We now show how to isolate spatially correlated non-
Gaussian noise cumulants using only single-qubit control
and coincidence measurements. First, let us consider ap-
plying the unitary which is a /2 rotation separately on
each qubit, with gate

U = Yﬂ-/g ® YW/Q' (37)

This prepares the qubit in to the product state |+ +).

Let us again, for the moment assume a classical mag-
netic field bath, although as shown in Sec. A this should
also hold for quantum noise sources. Then we introduce
the random variables

X, = fo A (t)dt, (38)

which are the total phases acquired by qubit j during the
Ramsey sequence. After evolution for time 7x the qubits
will then be in the state

[12(TR)) =
5 [y X020 [+ X20)] . (39)

Applying U again, as in a Ramsey sequence, gives

[Y12(7R)) =

Lr o i —i i

5 [e7 X 2-) + X1 214) [ [e7X2/2|-) + 52/24)] . (40)
We now compute the density matrix of this system

after bath averaging. For simplicity, we will assume the

odd cumulants vanish. We find the full result

(ra(ra)) = 7l @1
+ 1ech 5,01+ 1eCX2]Al ®0,
4 4
#2080 )= =]+ =)+ ]
b S [ ) = (-] ()

We see that in principle the relevant cumulants can all
be extracted from this single density matrix. It is easy
to see that the individual cumulants Cx,,Cx, can be ex-
tracted by measuring the local populations via

Cx; =log (tr[6L(p12(Tr))]). (42)

where o7 is the population operator on site j tensored
with the identity on the other site. The joint cumulants
are however more difficult to extract as these are en-
coded in the non-local coherences. Therefore, any single-
site measurement will not be sensitive to these terms. We
therefore consider measuring the joint-observables 6, Q4

where a,b = z,y, z. We can furthermore see that the rel-
evant coherences are between states of opposite parity,
requiring overlaps of the form (+|G,|F). Therefore, these
will vanish if any of the &, are 6,. We can therefore re-
strict to measurements of 5,®6,,0,®0y,0y®0,,0,®0y.
Furthermore, for the particular combination above it is
seen that the expectation values (6,®6,) = (6.®6,) =0.
We therefore reduce the problem to the two coincidence
measurements of 6, ® 6, and 7, ® 5.

We then find

1 1
tr[6. ® 6.(p12(Tr) )] = §€CX2+X1 + iec)@“xl

1 1
tr(o, ® 6, (p12(Tr))] = —566)(2”(1 + §€CX2’XH (43b)

(43a)

such that all of the needed cumulants can be obtained
from the simple two-qubit Ramsey scheme by recon-
structing the following measurements

Cx, = log (tr[6. @ 1{(pra(rr))]) (442
Cx, = log (tr[1 ® 6. (pr2(7r))]) (44b
Cxyex, =log (tr[(6- ® 5. — 6, © 5,) (pra(7r))]) (44

Cx,-x, =log (tr[(6. ® 6, + 6, ® 6,)(p12(7r))]) - (44d

o

)
)
)
)

As before, we have assumed there are only even cumu-
lants; in the case of odd cumulants, one must be care-
ful in distinguishing between (cos X)) and (e=**). From
these we can once again compute the non-Gaussian cross-
correlations as

Flg = CX2+X1 +CX2—X1 - 2CX2 - 2CX1. (45)

If we again assume fourth order cumulant model this
gives the formula

1 TR TR TR TR
Ty = - f ity f dts f dts f dt,
2 Jo 0 0 0

(A1(t1)A1(t2)As(t3)As(ts))e-  (46)

This is very similar to our previous result but rather than
sensitive to the temporally non-local correlations which
exist across the time-intervals [-71,0] and [0,72], it is
sensitive to spatially non-local correlations between the
regions R; and Rs. If we assume the qubits are spin-
qubits at lateral locations r; and ro and heights z1, 29
from the sample, then this heuristically will probe the
correlations across a distance |r; — ro| which are relevant
at length scales z1,z2. For completeness, we will now
show how these same measurements can be performed
using entangled Ramsey spectroscopy.

B. Entangled Echo Spectroscopy

In certain cases, it may actually be easier to perform
certain entangling gates rather than perform qubit coin-
cidence measurements. It was also recently shown in the
context of NV centers that entanglement may provide a
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FIG. 5. Protocol for measuring non-Gaussian noise using en-
tangled qubits. The first two measurements are independent
local Ramsey measurements of duration 7. To extract the
cross cumulant X + X5 the qubit pair is prepared in the Bell
state |®*) by first applying a local 7/2 rotation gate on one
qubit followed by a controlled-NOT gate, which is then un-
done after the Ramsey echo, with the collective phase then en-
coded in the local population measurement of a single qubit.
The cross cumulant X2 — X; is obtained similarly, but with
an additional 7 rotation before and after the echo.

useful advantage in terms of sensitivity [67]. In this case,
we will now show how, using entangling gates, one can
extract the same non-Gaussian correlations with only lo-
cal measurements. To accomplish this, we will use four
sets of gates; these are

Ui=Yypel (47a)
Up=1®Y, (47b)
Us = CNOT, U, (47¢)
Uy = (X, ©1)Us. (47d)

Here CNOT} is the controlled-NOT gate acting on qubit
2 with control qubit 1. These correspond to the echo cir-
cuits depicted in Fig. 5.

These will each be applied onto the fiducial state |00)
in order to obtain four initial states

[v1(0)) = U1]00) = | +0) (48a)
162(0)) = DJ00) = [0+) (48h)
1B(0)) = Up|00) = % [00)+11)]  (48¢)
() = Dulo0) = (00 +[10)]. (45

10

Given these four states we then evolve under the
Hamiltonian in Eq. (35) for a time 7g. After the evolu-
tion, and immediately before the second gate application,
the qubits are in the states

_ L
V2
2 (7)) = €2 [0)

1 ) )
|®(75)) = 7 [e7 " X221 4 (X7 X2)/2)00)] (49¢)

[¥1(TR)) [e7 0 2[1) + "1 /2)0) [ ' *22)0)  (49a)

1

[eX2/21) + e X2/2)0)]  (49D)

S

W (75)) = % [/ (X3=X2)2)10) 4 1 (X1-X2)/2 1]
(49d)

In the case of the first two measurements, which are
unentangled and therefore independent, we can simply
average these over the bath as the measurement will com-
mute with the averaging. The result will factorize and we
can simple measure each qubit independently. We then
find the coherences of the density matrices are character-
ized by the local noise cumulants

C; =log{(e™7). (50)

The two entangled states are now handled more care-
fully. After the Ramsey time 7r, we first undo the X,
gate (if it was applied), and then apply another CNOT
gate in order to disentangle the qubits, followed by the
second Ramsey 7/2 rotation as shown in Fig. 5. In each
of the two cases, we then have the wavefunctions

|®(7)) = [cos ((X1 + X2)/2)|1) +isin ((X; + Xg)/?()5|(1))])|0)

[W(7R)) = = [cos ((X1 - X2)/2) 1) —isin (X1 - X3)/2) |0)][0).

(51Db)

Now, we can average the density matrix to obtain the
result of a local measurement. By measuring the popula-
tion of the control qubit we find the remaining cumulants

(02)a = (cos(X1 + X2)) < Ca(7R) = 10g<<ei(X1+X2)>>
(52a)

(62)w = (cos(X1 - Xa)) < Cu(Tr) = log«ei(XrXQ))}.
(52b)

In the end, this yields essentially the same information
as that obtained from the coincidence measurements. By
combining the various cumulants, we can measure the
non-local correlations as

1—‘1’2 = Cq; + Cq; - 2C1 - 2C2. (53)

While this protocol requires only local measurements
in the computational basis, it requires the ability to per-
form appropriate entangling gates at least twice. In par-
ticular for NV center spin-qubits, this may be difficult,



though for other quantum simulation platforms it may
be the case that this is easier. We will now proceed on to
consider how these techniques may be used to study novel
physics by considering a simple example of independent
two-level systems comprising a bath.

In the future it would be interesting to extend this pro-
tocol to include more qubits, or allow for combinations
of coincidence measurements and echo sequences. In par-
ticular, it is probably useful to replace the Ramsey se-
quences used in these two-qubit protocols with Hahn echo
sequences in order to also filter out low-frequency noise.
Additionally, using ideas from classical shadow tomogra-
phy [78], it may be possible to implement these protocols
more efficiently by utilizing randomized single-qubit ro-
tations or echos. Finally, whether these techniques can be
extended to more qubits or qubit ensembles, and whether
entanglement can be used to increase sensitivity [79], are
interesting directions to move towards. Having now es-
tablished how these protocols may be implemented in
NV spin-qubits, we will now explore how these tools can
be used to study nontrivial noise correlations in magnetic
materials.

V. APPLICATIONS

To see how these techniques are useful, we will consider
two specific cases of magnetic noise which exhibits inter-
esting correlations. The first is a model of independent
classical telegraph noise processes which add together
to generate correlated noise—a standard model of dy-
namic non-Gaussian noise. We will then move on to con-
sider correlated magnetic noise which might arise near a
second-order phase transition. In this case, we will show
how this technique can be used to sense the strong non-
Gaussian noise correlations which are present at length
scales within the correlation length.

A. Two-Level System Noise

We will now be interested in studying the noise that
comes from a simple independent fluctuator model, where
each fluctuator has only two possible states. In this case,
the origin of the non-Gaussian correlations is the intrin-
sic nonlinearity of the two-level systems which generate
the noise. Such a telegraph process was recently stud-
ied experimentally in an ensemble of NV centers [26],
and has long been an issue which affects superconduct-
ing qubits [49-54]. While simple, such models are quite
natural for describing magnetic noise in diamond NV sys-
tems in particular, where such noise processes can arise
from “dark” P, spins, which are optically inactive spin
defects which also reside in the diamond lattice, or other
impurity spin baths [80].

In our case we will consider an example where the
bath spins are randomly distributed across the sur-
face of a two-dimensional sample with average density
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nap—shown schematically in Fig. 6(a). Each spin is mod-
eled as undergoing a classical independent random tele-
graph noise process with switching rate v (which sets
the memory time) between two magnetic states +1. This
dynamics is schematically depicted in Fig. 6(b).

Each of these is taken to be located at position R;
relative to the qubit, with dipole moment p;0;(t), where
p; characterizes the size and orientation of the magnetic
moment, and 0;(t) = £1 is a classical Ising-like variable
which encodes the magnetic state of the impurity as a
function of time.

The magnetic field the NV qubit experiences is then
given by

B = X Viei (1) (54

where
o 3Ry e:R;p - Rip, e,
T g R?

(55)

is the field projection along the qubit quantization axis
(taken to be e.) due to the j** fluctuator.

We then know that our non-Gaussian diagnostic will
measure the connected correlation function

2

2
Iﬂu;«[iﬁxw@wﬁ(ﬁ”ﬁ;w@m)m

J

1 0 0 T2 T2
-0 X ViViViVi [ [t [Tt [t
2 —-T1 —T1 0 0

(o (t1)or(t2)oi(ts)om(ta)he.  (56)

This involves the connected fourth-order correlation
function of the classical spin states o;(t).

We note that unless all four indices for the fluctua-
tor are the same, the connected part of this correlation
function will vanish. Therefore we can reduce this to

F:;;Vf[idh/_idtgfoﬁdt;g oTzdt4
(oj(t1)oj(t2)as(tz)os(ta)he.  (57)

Therefore, this is sensitive only to processes which couple
t1,ts to t3,ts which reside on opposite sides of the Hahn
echo sequence, shown in Fig. 6(c).

To evaluate this we need the disconnected correlations
of second and fourth order. We obtain for a single tele-
graph noise channel

g (t.1') = (0% ()™ (1))
=0(t-t") Y ss'P(s,tls',t")P(s',t') +t > t'. (58)

s,s’
The conditional probability is obtained from a master
equation to be

1 ’
P(s,tls',t")y ==+ 533'6_27(1” ). (59)

1
2
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FIG. 6. (a) Schematic depiction of system. The large (yel-
low) spin is the spin qubit we use to probe the bath. It has
quantization axis at an angle ¢ from vertical, and is located
a distance h above the plane. It is coupled to a large en-
semble of small bath spins (red) which lie in the plane with
uniform average density nep and random orientation of mag-
netic moment ;. The magnetic moment is modeled to fluc-
tuate along this axis via a classical telegraph noise processes.
(b) Telegraph noise example processes, highlighted for a par-
ticular bath spin located at R; with moment p;0;(¢). Each
bath spin independently flips between two angular momen-
tum states with o;(¢t) = 1, with a characteristic switching
rate . This generates a non-Markovian, and non-Gaussian
dynamical noise processes with memory time of order 1/v.
(¢) Connected correlations the probe qubit detects during the
echo sequence. The fourth cumulant involves connected corre-
lations at four times which are such that two time-points lie in
each echo interval; a typical sequence of times is shown with
the blue arrows. The cumulant will only be non-vanishing if
the noise process remains strongly correlated across the echo,
such that 71,72y < 1. In this case, only a few switches are
likely to happen before the echo reverses the dynamics.

The absolute probability is simply P(s,t) = 5. This then
corresponds to the infinite temperature ensemble for the
bath spins. We then find, taking care to sum over both
t>t" and t <t contributions

g P (8t = e, (60)

We introduce the random variables X; = ffoﬁ dto*(t) and
X, = [,? dto*(t). From this, we obtain

2 n 1 —2971
<<X1>>:;+ﬁ(1—6 ) (61a)
2y _ T2 1 _ e 272
(X3) = PO (1-e ) (61b)
(X1Xo) = — (1-e™) (1-e 7). (61c)
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The fourth order correlation function is

g (11, t2,t5,t0) = (0 (t1) o (t2) o (t3)o (t4))

81828384
P(s4,t4|s3,t3)P(s3,t3]s2,t2) P(s2,t2|s1,t1)P(s1,t1).
(62)

§15283854

We consider this for one particular ordering of t4 > t3 >
to > t1, and then we will sum over all possible orderings,
which there are four of such that t1,%5 <0 < t3, t4.

We get

1
9P (t1,ta,t3,t0) = — >

16 81828384
(1 + sy55¢ 27 (ta7t3) )

(1 + 5359 27t3782)) (1 4 g1 55727 (F2700)) - (63)

51828354

The only term which survives the sum is the one where
all spin labels appear an even number of times. There are
16 such combinations which cancels the denominator to
give

9D (tr,ta, ty,ts) = e 21 ata) 720t (64

Taking into account all orderings of the time allowed we
find

9O (11,2, 1, 8) = e tslem2ltam0]
29(2)(t47t3)g(2)(t27t1)' (65)

This then integrates and cancels one of the disconnected
contributions from (X?Z){X2) to yield

re=- > V(X1 X5 )2
J

E(E) 0y ey

This is computed under a model of randomly oriented
magnetic moments distributed uniformly in a plane with
density nop in Appendix B. We will focus on the case
where the NV quantization axis is along z for simplicity.
The angular dependence of this is not important, leading
to small numerical variations in the noise as function of
the quantization axis angle. The result is calculated in
Appendix B; we find the fourth-order non-Gaussian noise
contribution is (restoring units of magnetic moment)

@ - (uoguBu)4 87mnap
A 175110

2 2
1- 2971 1- —2yTo
2y 2y
It is more convenient to study the normalized sig-

nal, which we will compare against the leading (Gaus-
sian) contribution to the dephasing, which is expressed




in terms of a Ty dephasing time which depends on dis-
tance h, bath spin density nsp, and the memory time
Te = 1/(27). The Gaussian contribution to dephasing for
time 7R is

1 ™ 2[r 1-e 2R
CX:_,«X2>>:_724D(W) 7R+72
2 2h 47 ¥ 2y

___'r 1 -297R
=T + Tg(h)Q'y(l_e 2TRY (68)

Here, we find the T5 time of

2

1 mnap (9#0#3#)

To(h)  2h4 47 (69)

27'

Expressed in terms of this, we find the non-Gaussian
noise is

F(4)(T17T2) = -

2
EIIE T
175 7rn2Dh2 Tg(h)
(70)
We then see two notable facts. First, the prefactor of
the signal can be seen to be scale as

= (), ()
7TTL2Dh

where 7' = \/mngp is the typical distance between im-
purities in the plane. This is also related to the so-called
“inverse participation ratio” of the distribution of bath
spin magnetic dipole couplings, and is essentially a mea-
sure of the effective size of the bath probed at distance
h.

This essentially reflects the fact that the non-Gaussian
aspect of the noise is dominated by the contributions of
the closest bath spins and indicates that all-else-equal a
lower density of bath spins leads to a larger non-Gaussian
contribution. This is expected based on the central limit
theorem, which would imply that many independent non-
Gaussian noise processes should converge towards an ef-
fective Gaussian process. Therefore, the lower the den-
sity of bath spins, the larger the outlier effects are and
the non-Gaussian noise becomes more visible. Experi-
mentally, this indicates this would be best seen if the
probe spin were placed very close to a small handful of
bath spins.

It is important to note that for extremely small h/§ «< 1
it is expected that the self-averaging assumption of the
impurity distribution will break down. If the probe qubit
is sufficiently close to a single impurity, which is likely
to happen when h « £, then the average over angle and
position is no longer appropriate. Rather, in this case,
the noise should not be averaged over the distribution of
the magnetic impurity locations, since these will likely
not vary shot-to-shot. Exploring this effect would be in-
teresting, but is beyond the scope of this work.

The second important aspect of this result is the de-
pendence on the echo times 71, 75. This is illustrated in
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FIG. 7. Fourth-order non-Gaussian noise cumulant
P(4)(7'1,7'2) as a function of echo-times 71,72 for fixed
mneph® = 1 measured relative to Ramsey Th(h) time.
(a) Long bath-memory case of 7. = 27%(h). At long echo
times this result saturates. (b) Short bath-memory case of
Te = 0.4T>(h). We see that the long bath-memory time leads
to a larger result, as well as a slower and more pronounced
approach to the saturation.

Fig. 7, which presents the two-echo-time dependent cu-
mulant T(* for the case of long and short bath memory
times for a fixed value of noph?, and normalized accord-
ing to To(h). We see that the non-Gaussian noise cu-
mulant essentially grows (negatively) from zero over a
time of order 7. before it saturates at long echo times.
The over size of the cumulant (at fixed distance h)
is controlled by the memory of the bath, codified in
Te/T2(h); the longer the memory, the larger the satu-
ration of the cumulant as well as the slower the approach
to the maximum. Whereas the non-Gaussian noise cumu-



lant ultimately saturates at long echo times, the Gaus-
sian cumulants grow with echo time linearly at long-
times. For instance, the Gaussian contribution to the
Ramsey sequence for duration 7 will ultimately grow
as Tgr/T2(h), which can be viewed as a consequence of
the central limit theorem. If we break up the phase evo-
lution in to time chunks of order the memory time T,
then these roughly form an independent random walk
process, and this will ultimately grow like a Gaussian
diffusion process. At long times, the dephasing there-
fore has a tendency to self-average and recover Gaussian
dynamics, with higher-order non-Gaussian cumulants ul-
timately saturating while the Gaussian cumulant does
not. Therefore, by studying the dependence of the non-
Gaussian noise cumulants on the echo times, it is possible
to experimentally measure the convergence of the noise
process towards the central limit theorem.

Finally, it is interesting to observe that this non-
Gaussian noise signal, which is a distinct signature of cor-
related bath dynamics, is observed even in the effectively
infinite-temperature ensemble with any particular spin in
the bath being in a completely unpolarized 50 : 50 mixed
state. Nevertheless, by studying dynamical correlations
one can gain a great deal of insight into the dynamics
which underlie even the infinite-temperature ensemble.
Even though this was a model of independent two-level
systems, we still saw that the non-Gaussian echos can
encode rich and important physics pertaining to the dy-
namics and correlations of the bath degrees of freedom.
Next however, we will explore a system which exhibits
strongly interacting bath degrees of freedom, as may be
realized near a second-order phase transition.

B. Critical Magnetic Fluctuations

The above example showed that even local (i.e. uncor-
related in space) noise sources could present interesting
deviations from Gaussianity due to intrinsic nonlinear-
ities. Here we will show that this technique is also well
suited for studying systems which feature spatially corre-
lated noise. An interesting example of such a case appears
near a second-order phase transition, whereupon the cor-
relation length diverges. While a full treatment of such a
complicated case deserves its own dedicated investigation
in future works, we will show here that this technique is
well-suited to studying these dynamic critical magnetic
fluctuations [81], which are expected to be relevant to
a number of two-dimensional Van der Waals magnetic
materials [18, 19, 82-85].

We start by consider a two-dimensional magnetic sys-
tem which has an out-of-plane magnetization density
m(r,t) that undergoes an Ising Zs symmetry breaking
transition. Near the transition, this can be described by
a free-energy Ginzburg-Landau functional

Flm] = f d*r [%K(me + %rm2 + ium‘l] , (72)
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where K,u > 0 and at the critical point r changes from
positive for T > T to negative for T' < T. These co-
efficients are derived from a microscopic Ising model in
Appendix C; in terms of the lattice constant a and criti-
cal temperature T = 4J (with superexchange interaction
J), we find u = Tc/(3a?), K =T¢ /8, and r = (T -T¢)/a?.
The full equilibrium critical theory for this model is well-
known, but complicated; we will consider here a simple
treatment of the dynamic critical theory which is valid
not too close to the critical point. In particular, we will
assume the order parameter exhibits overdamped dynam-
ics of the type “Model-A” in the classification of Hohen-
berg and Halperin [81]. This amounts to a Langevin type
of time-dependent Ginzburg-Landau equation of motion
for the order parameter m(r,t) of the form

Toym(r,t) = +n(r,t), (73)

oF

om(r,t)
where the field n(r,t) is a fluctuating force that ex-
hibits Gaussian fluctuations in accordance with the fluc-
tuation dissipation relation, such that {n(r,t)n(r’,t")) =
2I'T6%(r—1')5(t—t"). Note that, while the field 1 is Gaus-
sian distributed, the magnetization m(r,t) will not be
due to the nonlinearity.

Given a planar (out-of-plane polarized) magnetic order
parameter m(r,t), one can solve the magnetostatic equa-
tions to obtain the magnetic field at the qubit location a
distance z above the sample to be

S -
Bz(z,t):%que g (). (74)

Here we have ascribed a magnetic moment of upS to
each Ising spin, with S an effective spin length, such that
upS/a® is the areal density of magnetic moments. We
have also assumed the qubit to lie at the origin in the
x —y plane, which is valid if we have translational invari-
ance, and is applicable therefore only to the single-qubit
non-Gaussian echo protocol. We will leave the two-qubit
echo protocol to future works. Under these assumptions,
if we expand to quartic order the non-Gaussian echo will
measure the correlation function

1{aSuzun\* [0 0 TR r
r® - - (9285l f dty [ dts f dts f dt,
2 2(1 —TR -TR 0 0

: sl

—zlq;

f lq[e” 1%
q1,92,93,94 j=1

<<mCI1 (tl)mQ2 (tZ)mQS (t3)mQ4(t4)»C' (75)

Here we have, for simplicity assumed a compensated echo
with 7 = 79 = 7Tg. We now go to the frequency domain,
and write

4
@ 1 QSMQBHO /
2 2a2 q1,92,93,94

WD o (s mr, 2) x (m(gr)m(a2)m(as)m(as))e,

AD({q})

(76)



where we recall the appropriate non-Gaussian fourth-
order echo “filter-function” from Eq. 31 (which now has
also been expressed in terms of the spatial filter func-
tions) of

4
W(4) ({q}7 TR, z) = H |qj|e—z|qj\
j=1

i
0 0 TR TR .

y f dty f dts f dts f dtse i Ti%it (77)
—TR —TR 0 0

We have also defined the fourth-order vertex function

A ({g}) = (m(g1)m(a2)m(gs)m(qs) )e- (78)

It should be expected that, while this nominally has a
dependence on four momenta and frequencies, these will
be constrained by spatial and translational invariance to
be overall conserved. We also expect that this function
is invariant under permutation of the external momenta
and frequencies {¢q}. Under these assumptions, we can
simplify the filter function to the form

4

w® ({q}; 7R, 2) = Té H |qj|e_z‘qf|sinc(ijR/2)
j=1

x é > cos[(w; +wi)TR].  (79)
i<k

In order to compute the correlation function A®), we
will use the procedure of Martin, Siggia, Rose, Jannsen,
and de Dominicis (MSRJD) (see Ref. [86]), which allows
us to map a classical stochastic process onto a path inte-
gral on the Schwinger-Keldysh contour, thereby connect-
ing with the previously employed formalism. The relevant
action describing the dynamical magnetic fluctuations is
then given by

S= [ d*a([-To,+ KV? = r—um®]m+iTT¢*  (80)

where ¢ plays the role of the “quantum” field and m is
the “classical” magnetization. We are now tasked with
calculating the connected four-point function A ({¢}).
This is shown in terms of Feynman diagrams in Fig. 8(a),
with the basic Feynman rules shown in Fig. 8(b).

In this work we will calculate A®) only to lowest order
in the nonlinearity u, which is just the tree-level vertex.
This neglects the effects of vertex corrections, which are
expected to become important very close to the critical
point, but provided fluctuations are not too strong we
may expect this approach to yield reasonable results. The
perturbative expansion is summarized by the Feynman
diagrams presented in Fig. 8(c), with neglected higher
order diagrams left in the ellipsis. We will also restrict
ourselves to the high-temperature disordered phase, such
that T'> T¢.

We then find the correlation function shown in
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FIG. 8. (a) Feynman diagram representation of connected
four-point scattering amplitude measured in noise spec-
troscopy. (b) Basic Feynman rules for the model. Mixed prop-
agators between the m and ¢ fields (shown by blue and red
lines respectively) generate causal response functions, whereas
{mm)) generates the Keldysh correlation function. Interac-
tions due to the nonlinearity generate the vertex shown, which
involves three classical m fields and one quantum (¢ field. (c)
Perturbative expression used for the vertex function in this
work. Higher diagrams, such as vertex loop corrections, are
neglected here.

Fig. 8(c) of

AN (g1, 42,03, 04)
= (- [ da¢(ym? @) m(a)m(a)m(as)m(as)..
(51)

We evaluate this using Wick’s theorem. From the action
we find the relevant correlation and response functions
to appropriate order in u are

DH(@) = (m(@m(-0) = i —  (32a)
D) = (m(a)C(-0)) = (s2b)

Here we have introduced
Ya=K(@®+r) = K(q®+£7), (83)

with correlation length ¢. = \/K/r and correlation time
7. = T/K¢2. Note the definition of D here differs slightly
from convention in that for ¢ < 0 it coincides instead with
the advanced function.

By conservation of energy and momentum, the four-
point function will overall be proportional to a d-function.
By Wick’s theorem we obtain the form

AD ({q}) = ~6iu(2r)*5®) (Z QJ') x

[D™(a1)D" (42) D" (45) D™ (qa) + permutations of {¢}].
(84)



This corresponds a sum over the four diagrams in the
first line shown in Fig. 8(c). Simplifying this, we find

A9 ({g}) = (2m)*5® (ij) x

1
272 2
w; T +7g,

- 6u(2r7T)? [Z yqj] 1‘[ (85)

J

Note this sign is also negative, which is consistent with
the simpler model of classical telegraph noise. Heuristi-
cally, this signifies that the noise is “bunched” and has
a distribution that is narrower than a Gaussian with the
same variance.

By resolving the §-function and utilizing the permuta-
tion symmetry of the integrand, we can express the noise
as

Sus *
@ = —12u(211 )3(9 232 O) T4R[
q1,92,93

|Qle” lelsmc(QTR/Q)

er2+ 2
3 .
H 2F2+7 lajle” Z‘qﬂlsmc(ijRﬂ)
j=1 q;
1 3
- Z cos[w; +wg]Tr, (86)
3 j<k=1

where we have introduced the notation
3
Q=) qj (87)
j=1

We will express the overall non-Gaussian noise in terms
of a unitless function which depends only on 7r/7. and
z/&., up to prefactors.

The result is given as

oPT\? ( gSpZuo )
1"(4) — —12U( % ) (92?(511};0) TcggF(z/ngR/TCL
(88)

where the unitless function is expressed as an integral

F(x,s) = o fd2Q1d God Q3fdw1dw2dw3

(2 (2r)0
qle—th q‘Qe—dz q‘ge—fh Qe—Q
sinc (@1 /2)sinc (@, /2)sinc(ws /2)sine(Q/2)
1 3
3 > cos(@; +wj)
j<k=1
1+Q?/z? li[ 1
()2 + (1+Q2[x2)? j1 (@;/5)? + (1 +GF[?)*
Nominally this is a difficult integral to evaluate even

numerically as it is high-dimensional and highly oscilla-
tory. Here we will simplify this significantly by focusing

(89)
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FIG. 9. Short-time non-Gaussian noise due to critical mag-
netic fluctuations as a function of distance z/€. and echo
time Tr/T.. We use model parameters of &:/a = 102 and
Tdp[Te = 1072, with prefactors coming from the Ginzburg-
Landau derivation. In this regime the scaling with echo time
is (Tr/7.)*. At short distances, this noise decays slowly with
liftoff distance as (z/£.)72, signifying the strong spatial cor-
relations in the bath below the correlation length. At long
distaces, the noise rapidly drops as (z/¢.)™'°, which is what
is expected also based on the local telegraph noise model.
Gray dashed lines show guides for the eye at unity.

on the “static” noise regime with 7p < 7. such that the
noise is essentially of a T, type. This is equivalent to a
short-time expansion in the echo time 7, and is evalu-
ated in Appendix D. We find the leading behavior of 7'143,
as expected based on a static magnetic field measured
using Ramsey spectroscopy with [, B(t)dt ~ TrB(0).
We present the dependence on the non-Gaussian fourth
cumulant as a function of distance and time in Fig. 9.

In the short-time limit we can write the non-Gaussian
cumulant as

F(4) =-C F(Z/gchR/Tc) (90)

4
(po) (&c/a)?
where we have introduced the “dipole” time

Tdp = ag/(gSHQB,UO) (91)

and the numerical prefactor C is estimated based on the
Ginzburg-Landau expansion to be of order C = 23, We
estimate for reasonable parameters of g =S =1 and lat-
tice constant of @ =lnm that 74, ~1ns. Near a critical
point we may also reasonably expect &./a ~ 100. For the
correlation time, we have less reliable estimates, but we
will consider 7. = 10074, ~100ns although this should be
more carefully computed for a particular model of mag-
netization relaxation dynamics.

We can understand the distance dependence by recall-
ing the results from Sec. V A on independent fluctuators.
For long distances z > &, the bath degrees of freedom are



essentially independent and therefore we expect the noise
to scale as if the fluctuators were independent, which
yields the scaling of 1/2%°. In this case, each independent
region has a size which is roughly scaling as (£./a)? that
ultimately determines the effective size of the magnetic
bath.

In contrast, at short distances compared to the cor-
relation length, the bath degrees of freedom are highly
correlated and fluctuate in unison. As a result, the noise
is dramatically enhanced within the correlation length
volume which is now determined not by the correlation
length ., but rather by the NV qubit distance itself, such
that the effective bath size is (z/a)?.

This crossover effect becomes particularly interesting
upon further approach to the critical point, where it is
expected that £, and 7. will both diverge. At the critical
point we expect the statistics of the fluctuations to be de-
scribed by genuine non-Gaussian fixed point of the renor-
malization group flow. Using the non-Gaussian spin-echo
techniques outlined in this work, it would then be pos-
sible to experimentally measure the departure from the
central limit theorem which is theoretically predicted by
the renormalization group analysis. One may hope that
given the divergent nature of noise at the critical point,
it may be possible to apply these techniques to study real
two-dimensional magnetic materials such as CrCls [18],
Crls [82], or CrSBr [19, 83], where non-Gaussian noise
signatures are expected to be most prominent. It is even
more interesting to consider extending these techniques
to systems which exhibit strong quantum fluctuations
which cannot be modeled by the classical Langevin-type
dynamics employed here.

VI. CONCLUSION

To conclude, we have seen how local noise-
magnetometry as realized by, for instance NV center
spin-qubits, can be used to study higher order cumu-
lants of magnetic noise in a frequency- and momentum-
resolve way. We have presented a number of proto-
cols which can be implemented in scanning NV center
noise-magnetometry systems in order to extract non-
Markovian non-Gaussian noise cumulants. We have fur-
ther shown how multiple qubits can be used to access
spatially non-local non-Gaussian noise cumulants. Then,
we demonstrated how even in a simple case of a paramag-
netic system with a finite density of independent and un-
polarized bath spins exhibiting random telegraph noise,
signatures of the discrete nature of the bath spins and
their non-Gaussian noise statistics could be extracted,
and the Gaussian limit could be controllably recovered
by varying the qubit-sample distance. This already points
to the great potential that local noise-magnetometry can
hold for the study of noise and correlations in quantum
materials. We also considered the role of spatial corre-
lations near a magnetic phase transition, which we ar-
gued is particularly promising for observing large non-
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Gaussian noise signatures.

Looking forwards, there are a number of fascinating
possibilities which can be explored once we are no longer
constrained by linear response. From the perspective of
material phenomena, it would be interesting to apply
these techniques to study nonlinear vortex motion in a
superconductor[87] or noise at the threshold of depin-
ning [88]. Single static vortices have already been imaged
using NV centers in Josephson junctions [89] as well as
two-dimensional thin-film superconductors [90, 91], and
it has been predicted that dynamic vortex noise can un-
veil aspects of the Berezinskii-Kosterlitz-Thouless tran-
sition in sufficiently thin superconducting materials [2],
as well as different vortex phases in finite field [7]. Puz-
zling noise due to vortex motion has also recently been
measured [92] away from the flux-lattice melting transi-
tion. Specific to the case of the superconducting vortices,
magnetic flux is carried in discrete quanta and therefore,
the distribution of the flux noise is in some sense ex-
pected to follow Poisson statistics [93], whereas magnetic
noise due to Bogoliubov quasiparticles is not quantized
and can vary continuously. While it is difficult to distin-
guish between these two scenarios using linear noise spec-
troscopy [2], the technique we propose here is well suited
to be able to distinguish between these two sources of
magnetic noise.

Along similar lines, it may be possible to use this
technique to study shot noise due to magnon transport
in magnetic systems at low-temperature, analogously to
what was studied in the context of a single-mode cavity
photon in Ref. [94]. This may be useful for determining
the statistics of emergent quasiparticles in spin-liquids,
which may have elementary excitations that carry frac-
tions of spin-1, such as in the case of a one-dimensional
Heisenberg chain wherein the elementary excitations are
spinons that carry spin-1/2 and obey fermionic statistics.
Magnon-magnon interactions and hydrodynamics [18]
are also expected to show interesting signatures in the
non-Gaussian noise cumulants, which effectively mea-
sures the magnon-magnon scattering vertex.

From a nonlinear spectroscopy perspective, there are
also interesting connections between the nonlinear noise
spectroscopy we propose here and coherent multidimen-
sional spectroscopy techniques such as two-dimensional
terahertz spectroscopy [47, 95-97]. In terms of oper-
ators, the fourth-order noise correlation function pro-
posed in this work involves the sequence of nested an-
ticommutators ~ Trp{A(ts),{A(t3), {A(t2),A(t1)}}},
whereas the nonlinear response functions calculated in,
e.g. Ref. [96, 97] involve mixed commuators and anticom-
mutators such as ~ Trp{A(ty), [A(t3), [A(t2), A(t1)]]}.
As a result, the nonlinear noise spectroscopy and non-
linear response techniques are expected to be related
to each other through fluctuation dissipation relations,
which relate the nonlinear noise spectrum to the nonlin-
ear response spectrum [86]. Similarly, using quench dy-
namics [77] in conjunction with the protocols we outline
here, it may be possible to measure higher-order response



functions and the fluctuation dissipation relations exper-
imentally. It should in principle also be possible to ex-
tend the protocol outlined in this work, which utilized
echos solely comprised of 7 rotations (which are Clifford
gates) to also include /2 rotations, which should allow
for probing both response and correlation functions.

It is also interesting to explore these ideas from a quan-
tum information theory perspective, especially in the case
of multiple spin-qubits, and especially since recent ex-
periments have demonstrated the ability to perform the
necessary coincidence measurements on at least two dis-
tinct NV centers [21, 71], as well as the ability to entangle
multiple qubits [67, 70]. In this case, there are interest-
ing questions pertaining to whether multiple qubits can
be used to characterize or generate entanglement [98] in
the shared magnetic bath and potential violations of Bell
inequalities which are tied to the genuine quantum me-
chanical nature of the wavefunction, or whether entan-
glement can be used to improve sensitivity in a material
setting [23, 28, 79]. Likewise, given the rise of so-called
Noisy Intermediate-Scale Quantum (NISQ) devices, it is
interesting to consider whether quantum simulators can
be used to effectively simulate quantum noise processes
for the purposes of modeling quantum sensing experi-
ments [28, 99-101], or whether sensing protocols such
as those outlined here can be used to better character-
ize device noise and error processes [54, 102-106], or even
connections to questions of sampling complexity, negative
Wigner distributions [94], thermalization [25, 107-111] or
quantum error correction [112; 113] and how these pro-
cesses may present in dynamical noise signatures.
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Appendix A: Quantum Noise Sources

Here we show that the treatment in terms of classical
noise sources essentially remains unchanged if the noise is
of quantum origin, by using an appropriate generalization
to the Schwinger-Keldysh two-time contour. Let us start
by considering the qubit-bath Hamiltonian as

L 1.

H:HB+§AO'Z, (Al)
where Hp describes the many-body dynamics of the
bath, such that A is an operator acting on the bath
subsystem, which will acquire fluctuations and time-
dependence upon passing to the interaction picture with
respect to the bath Hamiltonian Hp. Here we again as-
sume the qubit splitting is on average zero, which can be
enacted by passing to a rotating frame. We will discuss
transverse couplings later.

We consider the evolution of the density matrix of the
joint system, which we assume at t =0 is of the form

p(0) = pp(0) ® ps(0).

We can write the initial density matrix for the qubit in
terms of the o, eigenstates as

ps(0) = > ps, s (0)|s:)(s_|-

S4,5-

(A2)

(A3)

Here we have anticipated that the density matrix will
evolve with two-contours; the + forward contour for the
ket and the — backward contour for the bra. This will be
done using the Feynman-Vernon influence functional for
the two-time contour [86, 114-117].

In particular, we are interested in the state of only
the qubit at a later time, say 7r in the case of a single
Ramsey sequence. We again expand in the eigenbasis of
o, for the two time-contours and trace over the bath
degrees of freedom. This yields

(silos(tr)IsLY = 30 ps,s ()1 (7r).

S48

(A4)

This has been expressed in terms of the influence func-
tional for the bath which in this case reads

7 7
s, 8"
Zst S_ (TR) = 5s;,s+5s’_,s,

S+,

s+

Trp [Te‘iT S AWt (0)T et Jo™ A(t)dt] - (49)

This is expressed now in the interaction picture for the
bath Hamiltonian and the time-ordering and anti-time-
ordering symbols 7,7 respectively. Furthermore, be-
cause the spin coupling commutes with the spin Hamilto-
nian, the value of s, cannot change on each contour and
so the influence functional is diagonal in on each contour.
We can further express this bath influence functional in
terms of the Feynman path-integral for the two time con-
tours over the bath degrees of freedom. This yields



’ I’
S, ,S_
L:0s2(TR) = 05t s, 05t s

fD[A+(t),A,(t)]exp(zS+[A ()] - iS_[A_(5)] - i~ f

Here S, is the intrinsic action governing the bath variable
A, which is obtained from the regular path-integral con-
struction for Hamiltonian Hpg. The last line reflects the
initial correlations of the fields which are encoded in the
bath density matrix, as well as the trace condition which
constrains the fields on the two contours to be matched
at the final time-point. We can extend this final time-
point to t = co since after time 7 the qubit is decoupled
and therefore the dynamics can be trivially extended in
the bath since the unitaries will simply cancel each other
at this point. In equilibrium this can be evaluated using
the Schwinger-Keldysh formalism [86, 114]. We will then
be evaluating the expectation value using this functional
method of

I +7s ( R) 6s’+,s+6k’ s

Sty s’ ,s_

« exp (—z% [ arsan - S,A,(t)]) >> (A7)

Here we use the (-)) to indicate the bath correlation func-
tion in absence of the spin. We now perform the usual
splitting of the field A, (t) into the quantum and classi-
cal variables defined by

A1) = Ba(t) £ 5 Aq(0). (A8)

This then gives

Is+7j (TR) 5 ’

S+, s’ 9+6s 8-

<<exp(—i; /OT dt[(s+_87)Acl(t)+ s,

Importantly, let us now consider the echo protocol. In
this case, the initial density matrix, immediately after
the first /2 rotation, is ps(0) = [+){+| < ps,,s_(0) = 3.

5 Aq(t)]) >>

(A9)

J

(2515 (rmore) =

5 (SH,TG—Z'%[:}LBA(t)dt&z|s+>7.e,i-%+f0ﬂ€ A(t)dtpAB(O)rT-eJri%fOTE A(t)dt( |6 Tt = f RA(t)dt| s
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() -5 A (t)])

(A (O)IPB(O)IA (0)A-(e0)[As(o0)). (A6)

(

This has contributions from multiple different paths in
the influence functional; there are diagonal amplitudes
with s, = s_ = £1 with equal amplitude. There are also
the coherences, which have s, = —s_ = £1, again with
equal amplitude. Now, the diagonal entries in the influ-
ence functional are

I3 (tr) = << eXp(—zg fo ” thq(t))»,

However, it is a central property of the Keldysh path
integral that expectation values of only quantum fields
vanish [86]; that is {(A,)™)) = 0 for n > 1. Therefore,
this contribution will simply give Z3:J(7r) = 1; this is
a requirement for the conservation of probability that
under pure-dephasing evolution the qubit density matrix
diagonals will not evolve.

Now, we turn to the evolution of the cohernces. These
have instead the influence functional

I35 (Tr) = <<exp(—is [OTR thd(t)) >>

In contrast, these terms are not constrained and we
generically find this given by the cumulants of the quan-
tum noise source, as expressed in terms of the Keldysh
path integral. In fact, this is formally the same result as
that implied by the classical noise process, although the
specific form of the cumulants of A.(¢) will depend im-
portantly on whether the noise is quantum or classical
through, e.g. the occupation function of the noise.

We can also study the echo sequence and how this
contributes via influence functional formalism. To obtain
this, we will insert at a time 7 the echo pulse on the
qubit. This will have a non-trivial effect on the qubit
density matrix; we find the influence functional in the
presence of the echo by inserting the echo operator &, in
the appropriate spot in the time-ordering

(A10)

(A11)

(A12)

Via the same construction as before, we see the influence functional with the echo is expressed in terms of the Keldysh



functional of the bath and the echo matrix elements as

I’ 4
S, ,S_ N ~
(27177 (o Tr) = (4165, )(s-1d2ls")
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TE

<<exp(—z; [OE dt[s+A+(t)-s,A,(t)]-% fTRdt[s;A+(t)-s'_A(t)])». (A13)

We likewise express this in terms of the quantum and classical fields as

7 4
S 7S_ A A
(27177 (o Tr) = (416ls: ) (s-10uls")

«Xp(; [ a6 -smam = 2 =80] -5 [ ;Rdt[<s;—s'_md(t>+8'++5'-Aq<t)])>>. (A14)

2

For the echo, we see the matrix elements are purely real and off-diagonal so that

7 4
s’ 8"
[IE] +,s_ (TR7TE) = 68;,—84_63,,,—3_

S+

!/

«Xp(; [Tt -ssam = Eaw] i [ ;Rdt[@;—s'_md(tw3+”"Aq<t>])>>. (A15)

2

Nevertheless, this still admits the decomposition into the
diagonals and coherences of the density matrix. The den-
sity matrix diagonals again do not evolve because this
involves an exponential of only A, (¢), albeit with a more
complicated coupling in time. On the other hand, the co-
herences have s, = —s_ and the same holds for s/, = —s,.

We find specifically
(270" () =

<<exp(—is[ fT ;R dtA(t) - fo ” thd(t)]) >> (A16)

This is exactly the same result we expect from the
classical noise derivation, understood in the appropriate
Keldysh contour sense. This shows that our derivations
based on classical noise hold the same for quantum noise
sources, provided we express the noise in terms of the
classical correlation functions of the noise in the Keldysh
formalism.

All of this followed rather straightforwardly if we con-
sidered only longitudinal noise. However, in reality we
should expect in general noise that is both longitudinal
and transverse. This case is substantially more compli-
cated; here we now only briefly outline what happens
when we relax this assumption.

1. Energy Relaxation

A related, but much more complicated possibility is
that the magnetic noise may not solely be longitudinal
(i.e. dephasing), but also transverse. In this case, the
state of the spin qubit can change due to the noise and
exhibit feedback on the bath, which manifests in the

2

(

appearance of additional correlation functions, includ-
ing those which incorporate back reaction effects from
the spin qubit on to the bath. In principle this can be
incorporated into the formalism used here through the
Feynman-Vernon influence functional technique, as de-
tailed in Leggett, et al. [114, 115], which uses the “blip
and sojourn” formalism to handle the case of both lon-
gitudinal and transverse fields acting on the qubit. How-
ever, if the qubit has a large zero-field splitting as com-
pared to the typical size of the fluctuations, then it is
well-known that low-frequency transverse noise effects
are strongly suppressed due to energy conservation con-
straints. In the case at hand, where spin qubits have typ-
ical splittings of order GHz, this is true and therefore we
can realistically include transverse relaxation processes
through a simple 7T} energy relaxation time. We model
this by describing the dynamics using a Linblad equa-
tion for the joint qubit-system density matrix p

% = —i[Hp + %Aa—z,ﬁ]
+T, [&'ﬁ&* - %{&‘&*,ﬁ}]

{eﬁanﬁ}]. (A17)

ipane 1
+I [0 pe =5
We have describe the qubit splitting by an operator A
which acts on the bath degrees of freedom (with their
own intrinsic Hamiltonian Hp), as well as including a
constant zero-field splitting of Agy. Here the jump oper-
ators describe absorption and emission of quanta with
rates I'y,I"} respectively. According to detailed balance,
these should satisfy T'4/T'; = e”?2¢ with temperature 3.
For a GHz splitting, this is nearly infinite temperature,
such that in practice we often find I't » I';. Note that



these rates are due to transverse noise processes which
have dynamics at frequencies comparable to Ay, in ac-
cordance with Fermi’s Golden Rule, but due to the large
separation of time scales, this are taken as an indepen-
dent and effectively Gaussian decoherence channel.

We diagnose the effect of these terms on our cumu-
lant isolation protocol. Let us consider the Ramsey pro-
tocol. At time ¢t = 0 we again initialize the qubit in to
the |+)(+| state. We then compute the Feynman-Vernon
influence functional which describes the dynamics under
Eq. (A17) [117, 118]. The action of the bath can be in-
corporated, as in Sec. A, by converting the operator Ain
to two fluctuating fields A, (t), one for the evolution of
bras and one for kets, which then must be averaged over
the bath distribution function as before. The contribu-
tion to the influence functional due to the coherences is
seen by inserting ps(0) = |s4)(s_| where s, = —s_. In this
case, the action of the jump-operators is diagonal and
thus this simply ends up appending an exponential de-
cay rate on to the influence functional so that after time
tr the coherence of the density matrix is given by

TR
z;;::(TR):«exp(-is JA thd(t)_TR/(le))».

(A18)
Here we have introduced 77! = (I'y + T'}). We also see
that the exponential decay does not depend on which
coherence the qubit is in, and therefore the Hahn echo
will be effected in the same manner. We therefore see
that the T} corrected cumulants C, expressed in terms of
the cumulants with T = oo will be

Cx, =Cx, -7 /(2T1) (A19a)
Cx, =Cx, —m2/(2T}) (A19b)
Cx,+x, = Cxyex, — (11 +72)/(2T1) (A19¢c)
Cx,-x, = Cx,-x, — (11 + 1)/ (2T1). (A19d)

As a result, we see that the contribution to the non-
Gaussian statistic I'x, x, will simply cancel between the
different pulse sequences since they all add up to the same
durations.

Having now demonstrated the broad applicability of
the echo spectroscopy for detecting non-Markovian and
non-Gaussian dynamics in both classical and quantum
baths, we turn our attention to the study of non-Gaussian
correlations in space, which we will show can be detected
using two qubits.
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Appendix B: Angular Averaging for Dipole Tensor

We want to evaluate the averages

V2=V Vi=XVlh (B1)
J J

We will will do this for an ensemble of random spins dis-
tributed throughout a two-dimensional plane with den-
sity nop and random orientation of magnetic moment.
The probe qubit will be located at the origin in the x —y
plane and a distance h above the plane; we will consider
the quantization axis probe spin to point along the &,
direction.

We need to average the dipole tensor over random
dipole orientations as

~ ~ )2 A
(3R;-&.R;-p; - R2p;-8.) = p’R;F2(R;)  (B2a)

~ ~ \4 ~
(3R;-&.R;-p; - R2p;-&.) = u'RiFu(R;). (B2b)

Here, R; is the location of the bath spin with respect to
the probe spin, and has magnitude R; = r? + h2 where

r; is the planar coordinate of the bath spin. This would
then give the averages

S
— i
V2 = (%) P2 (9) (B3a)
J
Vi- (“0“)4 1 rw). (B3b)
A R;2

Here ¥ is obtained as cos® = h//r% + h?. The remaining

average is taken over the planar position of impurities.

_ Let us evaluate this by choosing coordinates where
R, = (sin?, 0, cos¥) such that R; lies in the = — z plane.
We then obtain

Fy = (3cosd [wsind + z cos V] - 2)° (B4a)

(B4b)

Fu=(3cosd [zsind + zcos¥] - 2)”.

Here x,y, z refer to the components of the dipole moment
unit vector. This simplifies to, in general

Fy = (3cosdsindz + z [3cos? 9 — 1])? (Bba)
Fy = (3cosdsindx + z [3cos? ¥ - 1])4. (B5b)
The non-vanishing moments in terms of x, z are
- — 1
22=22=— (B6a)
3
— — 1
24 = 1’4 = — (B6b)
5
- 1
22 = —. B
T (Béc)

This yields



1
=3 (3cos¥sind)”® +

Tl — W~

1
Fy= s (3cos¥sind)* +

These further simplify to

Fo(9;) = = [3cos 192 +1] (B8a)

ch—loo\r—l

Fu(0;) = = [3cos ] + 1] (B8b)

Here, cos?; = it - R; is the (cosine of the) angle between
the quantization axis and the location of the magnetic
moment at R;. These only depend on the polar angle of
the bath spin ¥;.

We will then also have to deal with the average over
two-level system location as

Pz () o

() o

J

(B9a)

(B9b)

Let us now replace the sum over bath spins by an in-
tegral over their location in the two-dimensional plane
via

2 (Ry) = na [ @rsm). (B10)

This gives
e [ o2 iy
nQD/d2 (%ﬂ) Rl2f4w) (BL1b)

J

{s}

We will still need to choose an appropriate C(q). Now,
we can shift in our integral the field mq by

Mg = Mg + B —— Z e ARy S7. (C3)

C() |

Z = Z/D exp(BJ Z SZSy - 2ﬂJZC’(q)mqm_ol Zm]SZ

{s}

(3cos219 - 1)2

Z = Z/D exp(ﬂJ Z S;S,i—25JZC(q)mqm,q+ﬂuBSZS h)

22

(B7a)
(3(:0s219—1)4+%(3cosz9silm9)2 (3cos219—1)2. (B7b)
(
We first evaluate the second moment. We find
o) pop\? 1
V2 = mnap (?) o (B12)

Next, we compute the fourth moment. After averaging
over the plane we get

4
M) Ll (B13)

Vi = .

"\ 4 ) 175R10
We have numerically checked that for different quantiza-
tion axis angles, this does not vary dramatically.

Appendix C: Ising Model Ginzburg-Landau

Here we present the details of the derivation of the
Ginzburg-Landau coefficients from the two-dimensional
Ising model. We start from the two-dimensional Ising
model on a square lattice with partition function

j) ) (Cl)

where the Ising spins satisfy (Sj)2 =1 and the external
field h; couples via the spin moment ppS. We will employ
a Hubbard-Stratonovich transformation to express this
in terms of an effective energy for the order parameter.
First, we introduce a Gaussian integral over a real field
Mg in momentum space such that up to constants

7= Zexp(w S SESE+ BupS Y. Sih
J

{S} <j,k>

(C2)

(

This will yield

6.] > O (q)e't(RiTRR) G2 6E 4 BMBSZSZ
jka
(04)



We now see that if we choose C'(q) such that

BJ Y. S;Sy -

<j,k>

BJ Z on 1(q)ezq(R Rk)SzSz _
jka
(C5)
we will be able to decouple the spin-spin interaction and
integrate out the spins in favor of the order parameter
field. Up to a constant (due to the Zs nature of the spins),
we see this is satisfied by

C'(q) = cos gy +cosg, +2.

(C6)
|

Tj 1
2J 5

Feff=
2+ cos gz + COs gy

MmgM-q—T Z log cosh(m; — BupSh;).
J
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The constant ensures that this is never zero, and can be
added without penalty as (55)2 =const. can be discarded
from the free energy. Now, we can integrate out the spins
via

Z = Zexp(ﬂuBSZSZ ijS;-’)
J

{s}
=[] 2cosh(m; - BupSh;). (C7)
J

This is a local energy functional, and therefore can be
evaluated. We then find the exact effective free-energy
for the order parameter of

(C8)

We now expand in the order parameter up to quartic order in m, and up to quadratic order in spatial derivatives,

and linear order in external field to obtain

1 T T3¢ T
F.g = 3 %: [4,] T, MgM_qg + Z —m + Emj +ppSmjh; (C9)
Replacing the lattice constant a this corresponds to a continuum free energy of
1 TC 1 (T Tc) ,U,BS 1 TC
Far= [ @ [ T M 2 " e (€10)

This is in terms of the mean-field critical temperature

Te =4J. (C11)
The derivative with respect to external field identifies the
magnetization density as upS/a® x m(r,t). We find the
Ginzburg-Landau coefficients of

K= ? (0128,)
T-Tc

re— (C12b)
Te

Then, to leading order in T'—T¢ we find the prefactor of
the magnetic noise scales as

4
12“(2FT)3 9Sipio\ e
K 2K a2

4
— 4 x8x 44T3 TC QSNZBNO 7_45—2
Tca2 cSce

4 G2 4
= 213 (é.:}ca)Q (g /;3BMO) (C].S)

Appendix D: Model A Integration

Here we present the details on the evaluation of the in-
tegrals for the noise for the model A relaxational dynam-
ics. The noise cumulant to be calculated can be written
as

oPT\? ( gSpZuo )
F(4) :—12u( K ) (9225;50) TcggF(Z/ngR/Tc)v
(D1)

where the unitless function is expressed as an integral

1 S 9. 9. - e g~
F(w,s)zwﬁ/d2q1d2q2d2q3[dw1dw2dw3
qleﬂh 626*52 636*1?3 QQ*Q

sinc(@; /2)sinc(@y/2)sinc(ws/2)sine(Q/2)

13 o
§j<;—1COS(Wj +@y)
1+Q2/$2 3 1
@+ (=0y L @mer g P2

This integral is naively nine dimensional and oscilla-
tory, making it very poorly behaved for numerical inte-
gration. In particular, we are interested in the behavior



in the regime of z < &, to study the effects on nonlocal
correlations. In this work we will be content in evaluating
this within the regime of 7 « 7., although studying the
effects of nonlocal correlations in time and space both
would be interesting for future works. In this regime we
can first evaluate the frequency integrals by writing them
as

271_)3 f dwl dWdeg

sinc(@; /2)sinc(ws/2)sine (@3 /2)sine(Q/2)
13 .
§j<;:1 cos(@;j + W)
1+ @2/1‘2 3 1
()2 + (1+Q2[a?)? ji (@5/5)* + (1 + ¢} /2°)?

(2 )4fdw1dw2dw3dw4fdte 1xwst

sinc(swy [/2)sine(swa/2)sine(sws/2)sine(swq/2)
4
5 > cos(swj + swy)
j<k=1
1+Q?/2? ﬁ 1
(wa)? + (1 +Q%/2)? j3 + (L+q3[a?)>

(D3)

If we take the limit of s - 0 we find the leading contri-
bution grows as s* at short times, with behavior

271_)3 f dw1 dUJQdUJ3

sine (@1 /2)sine(@s/2)sine(@3/2)sinc(€2/2)
;’j<ZZ:1 cos(w;j + W)
1+Q?%/2?
(/5)2 + (1 +Q?[x2)?

(27T)4 fdwldw?dWBdw4fdte i3, w;t
1+ Q%[ li[ 1
(w4)2+(1+Q2/x2) j=1 1+q2/x2)2

3 1
NG i ey

(D4)

We can now evaluate the frequency integrals as

fdw 21 26_iwt:I€_’y|t‘7
w=+y v

24

so that

(27T)‘5 f dwldLUQdLU3

sine(d /2)sinc (@ /2)sine (@3 /2)sinc(€2/2)

3
1 > cos(w; + @)
j<k=1
1+C~22/a:2 ﬁ 1
(/)2 + (1+ Q2/a?)? (%/S)2+(1+612/9?2)2

7fdt -3, (1+g} /2? ‘“Hl 2/ _
+q;/T

st 1 3 1

(D5)
8 ZJ (1 +q2/x2) jail 4—(]2/352
This then yields the momentum integrals
1 st 2~ 2~ 12
F(x,s) ~ Wﬁ/d q1d"G2d"qs
qle*fh qze*fiz (]36753 QG*Q
1 1 3 1
(D6)

8511+ ¢3/22) Jl_Il 1+Gj/a?

Here we have labeled ¢4 = Q.

This is still a high-dimensional integral; we can how-
ever relatively easily compute this using importance sam-
pling as follows. First, we sample N momentum points,
which are 3 2-dimensional vectors each of which is sam-
pled according to a distribution with

dP(q) o< dgdfg*e™. (D7)
We then find
1 N B ~
F
1 1 3 1
(D8)

8 Z?:l(l + q?/xQ) JI:Il 1+ (j?/xQ
This then fixes the normalization constant A such that
A= (4m)3. (D9)

We then find the overall noise, in terms of the Ginzburg-
Landau estimates and the sampling points as

3 (fc/a)2 a3 210
1 N -
il Z Qe—Q
Nj:1
1 3 1

J 1(1"'(]2/1‘2)]1111"'(]2/(1)2. (Dlo)
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Let us introduce the “dipole coupling” time
Tap = a°[(gS i 10)- (D11)

For g = S =1 and a lattice constant of 54 we get times
of order 74, ~ 100ps.
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