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Novel theoretical developments have allowed to connect microscopic disorder in bosonic collective

excitations to the signatures in two-dimensional terahertz spectroscopy [1].

Here, we employ this

framework to analyze the recently measured Josepshon echoes in optimally doped Las_,Sr,CuQO4 in
Ref. [2]. We consider the spatial gap inhomogeneities —observed in scanning tunneling microscopy—
as input for the disorder in the superfluid density, and compute the resulting echo peaks. The
excellent agreement supports the interpretation that the gap inhomogeneity arises solely from pairing
gap fluctuations, with no evidence for non-superconducting competing local orders. Finally, we
study the microscopic origin of the inelastic processes, contributing to the damping of the Josephson
plasmon at low temperatures, and conclude that it can be attributed to nodal quasiparticles.

Introduction.— Understanding the nature of compet-
ing orders in high-temperature superconductors remains
one of the central challenges in condensed matter physics.
A key observation comes from scanning tunneling mi-
croscopy (STM), which reveals the existence of two dis-
tinct electronic energy gaps [3-7] with a pronounced spa-
tial inhomogeneity [8, 9]. Are both gaps manifestations
of superconducting correlations, or does one of them arise
from a competing local order parameter, such as a charge-
or spin-density wave [10-13], or even more exotic states
involving spin liquids [14, 15]? Traditional STM experi-
ments are limited in their ability to resolve this issue, as
they cannot discriminate between quasiparticle gaps orig-
inating from different electronic orders. Notable excep-
tions are Josephson scanning tunneling spectroscopy [16]
and recent STM noise measurements [17], strongly hint-
ing towards the preformed pairs hypothesis, and there-
fore the absence of non-superconducting local orders. In
this paper, we confirm two-dimensional terahertz spec-
troscopy (2DTS) of Josephson plasmons as a novel opti-
cal route to address these questions, providing a theoret-
ical link between the dynamical response of the spatially
inhomogeneous gap landscape in cuprates and physics in-
accessible to both traditional STM and linear reflectivity
measurements.

Below the superconducting transition temperature T,
the CuO planes of high-temperature cuprate supercon-
ductors develop long-range order. This gives rise to co-
herent interlayer charge transfer via Josephson tunneling,
which manifests as a sharp plasma edge in the reflectivity
signal at the Josephson plasma resonance (JPR) [18, 19].
The JPR has been extensively investigated for its ap-
peal as an optical probe of both interlayer coherence
and in-plane superconductivity [20-23]. Even at low
temperatures T < T, the plasma edge presents a siz-
able broadening, which increases as temperature grows
and becomes unresolvable as T approaches T.. Disorder,

nodal quasiparticles, phase fluctuations, or competing or-
ders are among the possible mechanisms to explain the
origin of the JPR broadening [24, 25]. Identifying and
characterizing the origin of the plasmon linewidth and its
temperature dependence is thus fundamental to under-
stand the nature of cuprate superconductivity. However,
linear reflectivity, which probes only two-point correla-
tors—specifically (j.j.) for the JPR—cannot disentan-
gle different scattering processes, as they all contribute
indistinguishably to the plasma-edge linewidth.

The limitations of linear spectroscopy can be overcome
by employing more sophisticated spectroscopic tech-
niques capable of resolving higher order correlation func-
tions [26]. Of special interest is the terahertz analogue
of multidimensional optical spectroscopy [27], known as
two-dimensional terahertz spectroscopy (2DTS) [28, 29].
Recently, 2DTS has been employed to study a wide
range of condensed-matter systems, such as supercon-
ductors [30-39], correlated electrons [40, 41], and spin
systems [42-53]. In particular, measurements in opti-
mally doped Las_,Sr,CuO4 (LSCO) have shown that
the rephasing signal of 2D terahertz spectroscopy is ca-
pable of disentangling the presence of elastic and inelas-
tic scattering processes in the broadening of the JPR [2],
paving the way for the characterization of its different
broadening mechanisms.

In this Letter we apply the theoretical framework
for 2DTS of bosonic collective excitations developed in
Ref. [1] to analyze the experimental measurements of
Josephson echoes reported in Ref. [2]. Leveraging the
unique capabilities of the echo peak, we are able to con-
nect quantitatively the spatial inhomogeneity in the su-
perfluid density with the spectroscopic signatures of dis-
order. Furthermore, we provide a microscopical descrip-
tion of the inelastic processes contributing to the broad-
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ening of the JPR at low temperatures.

The model.— We describe the nonlinear electro-
magnetic response of layered superconductors following
Refs. [24, 54, 55]. The layered superconductivity is de-
scribed by means of the Lawrence-Doniach model [56].
For probe frequencies w, < 2A (and T' < A), amplitude
fluctuations can be neglected and the dynamics are fully
encoded in the order parameter phase @, (7, t), with n the
layer index. After incorporating electrodynamics, in the
clean limit, and in the absence of normal fluid transport,
the equation of motion for the Gauge invariant phase dif-
ference

o1 (n+1)s
Y = Pn — Pn+1 — 5 dz A, (1)
0
reads
8752’(/}“ — V2L thm + wﬁp sin ), = 0, (2)

with ®g = 2wc/(2e), A, the z-component of the vector
potential, wyp the Josephson plasma resonance, and

252 etk (n—m)

eoo)\zNZ 2(1 — cosk,) + s2 /A2, 3)

an =

Here N is the total number of layers (k, = 2an/N, with
n an integer and 0 < n < N — 1), ¢ the speed of light, s
the c-axis interlayer distance, A, the London penetration
length, and e, the high frequency dielectric constant.
We note that it is possible to obtain the same phase dy-
namics from an action-based method [19]. Apart from
the clean dynamics of 1, we consider the possibility of
scattering events that result in a finite excitation lifetime.
We divide the sources of broadening for the JPR into two
classes: (i) elastic scattering processes, originating from
static disorder, which correspond to energy-conserving
scattering events; and (ii) inelastic scattering processes,
involving energy transfer, such as quasiparticle damping.

First, we consider elastic scattering events for the
Josephson plasmons arising from the spatial inhomogene-
ity of the superfluid density, proportional to wip. It is
well known that layered superconductors present a spa-
tial inhomogeneity of the single particle energy gap at
the nanometer scale [8, 9]. The origin of said electronic
energy gap is a topic of current debate, and explana-
tions involving competing orders beyond superconduct-
ing correlations have been put forward. In this work,
we assume that the entire gap, together with its spa-
tial variations, is of superconducting origin—an assump-
tion supported by our results. To capture the disorder
effects in our modeling, we introduce a source of elas-
tic scattering by promoting w?p — wip(l + V,, (7)) in
Eq. (2). The static random potential V,,(r) is assumed
to be mean-free, Gaussian, and delta-correlated, i.e.,
V(r) = 0 and Vi, (1) Vi (1) = 20V €26,00@) (r — ).
The delta-correlated assumption is justified due to the
big mismatch between the characteristic lengthscales of
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FIG. 1. Sketch of the diagrammatic calculations, where the
dot represents the bare interaction, and the zig-zag line is the
Gaussian disorder. Single (Double) line propagators corre-
spond to bare (dressed) retarded propagators. (a) Diagram-
matic representation of x®. (b) Disorder corrected vertex
T within the nonpertubative noncrossing approximation. (c)
Dyson equation for the propagators within the self-consistent
Born approximation.

the plasmon wjp/c ~ 100 um and the disorder £ ~ 10
nm, such that £ < wyp/c. The spatial inhomogeneity
of the STM gap directly influences the inhomogeneity of
the JPR, as w?P o« AZ. Note that this relation holds
only under the current assumption that the STM gap
arises entirely from superconducting pairing. From STM
measurements of LSCO [9], we estimate a mean gap of
A = 10 meV, with a relative variance of oo /A = 0.19,
and a correlation length of £ = 10 nm. Applying standard
error propagation methods yields V= 403 /A% ~0.14.

Second, to capture the broadening effects that arise
from inelastic processes, we include a generic phenomeno-
logical dampening term in the self-energy of the form
Ypath = 2iw7y. To keep the disorder discussion general,
we postpone the analysis of the possible microscopic ori-
gin of v to a later section. For now, we note that v ef-
fectively encapsulates a range of energy-exchanging pro-
cesses that couple to interlayer phase dynamics and lead
to JPR damping. These may include incoherent tunnel-
ing of nodal and thermally excited quasiparticles, scat-
tering by low-energy bosonic excitations such as optical
phonons or spin fluctuations, and weak coupling to bound
vortex—antivortex fluctuations among many others. Each
of these mechanisms grows in relevance as temperature
increases toward T, resulting in a progressive broadening

and redshift of the JPR.

Nonlinear response and echo peak.— The calculation
of X3 for bosonic collective excitations is performed em-
ploying a non-crossing approximation for the disorder
within the Keldysh path integral formalism [1]. Note
that we assume all the external momenta to be zero
due to the optical nature of the protocol. Furthermore,
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FIG. 2. Comparison between the experimental and theoret-
ical results for T'= 15K. In (a) the experimental (left) and
theoretical (right) echo peaks in the 2D map. In (b) the slices
along the cross diagonal (left, orange) and diagonal (right,
teal). The only fitting parameter is the inelastic scatter-
ing strength yvs/wyp ~ 0.075, while the elastic scattering
strength is fully determined from STM data [9] and the mi-
croscopic parameters of the model.

we restrict ourselves to the weak nonlinear regime dis-
cussed in [1], where interaction induced quantum fluc-
tuations are small and can be neglected. From a theo-
retical perspective, the central ingredient to capture the
echo physics is the non perturbative vertex corrections in-
duced by the static disorder. The schematic calculation
of X3 containing the disorder corrected vertex 7 is pre-
sented in Fig. 1(a) and (b). Note that the propagators in
Fig. 1 are dressed according to their corresponding self-
consistent Dyson equation, as shown in Fig. 1(c). Within
the weak nonlinear regime, 7 can be exactly expressed in
terms of the self-energies that arise from both the elastic
and inelastic processes [1]:

2WEA(0: 0, 11)
1 — VEMN0;wa,wp)’

T (wa,wp) ~ (4)

with

. B L Zv(wa) - ZV((’ub)
A(0; wq, wp) = VE S(wa) — Z(wp) — 202 + 203 )

Here, V@ = 27rw31P72§2, Y(w) = Ty (w) + Zpatn(w) is the
total self-energy of the system in the perturbative non-
linear regime, and 3y (w) is the is the Born self-energy
given by
4V
D) = e 2 Pl () (6)

-1
with [D,’;kz (w)} = 2 (w? — wlp — L(k)k? — B(w)/2)
the full retarded Green’s function, and L(k,) the Fourier
transform of L,,,, defined in Eq. (3). In particular, for
the echo diagonal w = w, = —wy, Eq. (4) takes the simple
form

Im¥y(w)  —Im¥y(w)/2

T @) w7

Eq. (7) completely characterizes the echo peak phe-
nomenology as a function of the strength of both elastic
and inelastic scattering processes. In the inelastic limit
(ImYy < ImXp.¢n), vertex corrections due to the dis-
order are negligible, and the echo peak presents a sym-
metric shape, indicating the absence of disorder-induced
broadening. Conversely, in the elastic limit (ImXy >
ImXp,4p), vertex corrections due to the disorder domi-
nate, and the vertex develops a sharp line of singular-
ities along the echo diagonal for |w| > wyp. This pro-
nounced feature along the echo diagonal gives rise to the
characteristic almond-like shape, which heralds the pres-
ence of elastic scattering. Consequently, the echo peak
uniquely disentangles the two broadening mechanisms,
in contrast to linear-response measurements—such as re-
flectivity—which add the two contributions.

We now proceed to evaluate x(®) for our model, pro-
duce the corresponding theoretical echo peaks, and com-
pare them with the Josephson echoes in Ref. [2]. x(%)
is obtained after evaluating Eq. (6) employing ¢ and

V” extracted from [9], quoted previously in the text, in
combination with typical LSCO estimates of €5, = 25,
Aap = 0.25um, and s = 6.6 A. We employ these val-
ues, together with the phenomenological fitting param-
eter ymB, which characterizes the strength on inelastic
scattering processes, to fit the experimentally measured
echo peaks in Ref. [2]. Within the temperature range of
interest, the superfluid density is effectively temperature-
independent [57, 58]. Consequently, the elastic scatter-
ing rate is taken to be constant across all maps, con-
sistent with the findings of Ref. [2]. We find excel-
lent agreement between theory and experiments with
ys/wip = {0.04,0.05,0.07,0.09,0.14} for the corre-
sponding maps at temperatures T = {6, 10, 15, 20, 25} K.
A direct comparison with values extracted from standard
two-level system fitting procedures vyrrLs, as in Ref. [2],
may result in apparent discrepancies if the underlying
many-body effects are not taken into account. Incorpo-
rating these effects, we find that a practical rule of thumb
to relate the two is yrLs =~ 0.75vMB, see Fig. 3 for an
explicit comparison. This conversion applies for any lin-
early driven bosonic collective excitation; for a detailed
discussion on the physical origin of the conversion factor
see Ref. [59].

As a representative of this fitting procedure, we plot
in Fig. 2 the comparison between the experimental and
theoretical echo peaks (a), and their corresponding slices
along the cross-diagonal and diagonal (b) for T' = 15
K. For completeness, we provide the fits for the other
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FIG. 3. Comparison between the inelastic scattering fits from
the independent two-level system (ITLS) forms, the theoret-
ical fits employing the many-body (MB) framework, and the
conductivity calculation. The inset shows the extracted elec-
tronic broadening. The last data point is shown as an open
symbol, highlighting that fermionic quasiparticles alone can-
not account for 4, at 25 K, pointing to additional inelastic
scattering mechanisms for the JPR.

temperatures in the Supplemental material [59]. We
emphasize that no choice of y\p can compensate for
an inaccurate estimate of the disorder strength, given
their distinct contributions to the asymmetry of the echo
peak, as highlighted by Eq. (7) and subsequent discus-
sion. This analysis supports the conclusion that attribut-
ing the single-particle fermionic gap purely to supercon-
ductivity is consistent with the Josephson echo measure-

J

ments, i.e., we find no indications of non-superconducting
local orders that further contribute a gap to the electronic
energy spectrum. This is in accordance to the conclusion
reached in recent work based on shot noise STM mea-
surements [17].

Origin of the inelastic scattering.— The complexity of
cuprates allows for a variety of elastic scattering mech-
anisms that may broaden the JPR. However, for the
6 — 25K (0.5 — 2.15 meV) range spanned by the 2DTS
experiments, and taking into account that wjp ~ 8 meV,
we can discard some of them from energy considerations.
We can safely disregard vortex-antivortex pair creation
since both the JPR and the typical temperatures are
energetically insufficient to create tightly bound vortex
pairs with typical energies ~ mps ~ 18 meV, given a typ-
ical superfluid stiffness of p; ~ 6 meV (corresponding to
Aab = 0.25 pm) [60]. Similar reasoning excludes phonon
and magnon induced broadening, with typical energies
on the order 25 meV [61] and 20 meV [62] respectively.
However, due to the d-wave symmetry of the supercon-
ducting gap in cuprates, gapless nodal quasiparticles are
present at all temperatures. We argue that the low tem-
perature inelastic scattering observed in 2DTS can be
attributed to nodal fermionic quasiparticles and its ther-
mal activation.

To characterize the effects of nodal quasiparticles on
the JPR, we adapt the in-plane optical conductivity of
Lee [63] and Hirschfeld et. al. [64], to the out-of-plane
conductivity, such that

Reo(w) = %@ 3 / do e = ZF(” =) G, k) ImG(Q + w, k) + TmF(, k)ImF(Q +w, k)], (8)
k

where G and F are respectively the dressed normal
and anomalous components of the Nambu Green’s func-
tion. Within the nodal approximation, we consider
Ep ~ J/viki+vik3, with va = 0.2 x 10° m/s and
vp = 0.2x10° m/s. The prime summation indicates that
it is only performed around one node, and M = 4 is the
number of nodes. Furthermore, we consider <v§(kz)> =
(1/L) Y2, vi(k.) = 2st?, with t. ~ 2 meV the interlayer
hopping strength. The effective inelastic scattering con-
stant for the JPR is thus given by v = Reo(w)/eo.
We include a phenomenological broadening I'y, for the
fermionic quasiparticles to fit the theoretical conductivity
dampening extracted from the inelastic scattering of the
echo peak. We plot in Fig. 3, the comparison between the
independent two-level system fitting forms by Siemens et
al. [65], the fits employing the many body formalism [1],
and the curve from the conductivity calculation as a func-
tion of temperature. We find good agreement for values
of I'yp between 1 and 2.5 meV increasing with tempera-

(

ture, see the inset in Fig. 3. This range is compatible with
the microwave measurements in YBayCuszOr_s [66, 67],
which indicate a long lifetime, I'q;, ~ 0.05 meV, for nodal
quasiparticles at temperatures well below T, and pho-
toemission experiments in BisSraCaCusOsgis [68] and
LSCO [69], which find elastic scattering rates on the or-
der of 15 meV. Furthermore, LSCO is significantly more
disordered than YBay;Cu3O7_s and an order of magni-
tude increase in the inelastic scattering rate is to be ex-
pected. As a last remark, our microscopic calculation for
Yqp 18 not enough to capture the last data point of Fig. 3,
and therefore other inelastic scattering processes may be
involved at 25 K beyond nodal quasiparticles.

Conclusions and outlook.— In conclusion, we have
demonstrated the capabilities of 2DTS on Josephson
plasmons as a probe of the spatial inhomogeneity of the
superfluid density. Owing to the unique capability of the
echo peak to disentangle elastic and inelastic scattering



processes, we concluded that the pairing gap is the sole
responsible for the inhomogeneity in the fermionic energy
gap observed in tunneling experiments. Consequently,
from a 2DTS perspective, we find no indication of the
presence of competing non-superconducting local orders
with a fermionic gap. We have characterized the low tem-
perature dependence of the inelastic scattering processes
and attributed it to the presence of nodal quasiparticles.

Although our analysis has focused on Josephson plas-
mons in high-Tc cuprates, the probing scheme we intro-
duce is broadly applicable. Harnessing the nonlinear re-
sponse of collective excitations tied to local electronic or-
ders provides a powerful means to reveal both the nature
and the disorder of the underlying electronic landscape.
Looking ahead, we anticipate this approach will open new
avenues for investigating competing and intertwined or-

ders across a wide range of strongly correlated quantum
materials, establishing multidimensional spectroscopy as
a versatile tool for diagnosing emergent many-body phe-
nomena.
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S8

Supplemental Material

Gap Inhomogeneity in Cuprates: a view from Two-Dimensional Josephson Echo
Spectroscopy

Appendix S1: Origin of the 4/3 factor between the independent two-level system fit form and the Many-body
theory.

The apparent discrepancy between the homogeneous broadening extracted from the independent two-level system
(ITLS) fitting forms 4’ [65] and the Many-body theory used here «y [1] can be resolved by investigating the characteristic
oscillations of each model. While the two-level system decays in time following exp{(—+'t)}, a single bosonic collective
in the presence of a bath obeys exp{(—~t/2)}. This is due to the fact that

1 1 1 1 1
DR (w, k) ~ — ~ : = : — : ) S1
(. k) w?—e€l +iwy (w+iy/2)2—€  2e (w+z*y/2ek. w+z’y/2+ek> (1)

As discussed in the main text of Ref. [1], there exists a second family of processes that need to be considered when
dealing with collective bosonic excitations. These are processes involving the coexistence of 3 bosonic excitations in
the system during the second time delay. In processes involving single excitations, the decay goes as exp[—v(7 + t)/2],
while the ones involving 3 excitations during the second time decay is given by exp[—v(7 + 3t)/2]. Since the ITLS fit
only provides a single 7/, it effectively sees an average of both processes which contribute with equal strength to the

nonlinear response. Thus, the effective gamma is obtained by averaging over all time delays: ' = w

3
4’}/'
Appendix S2: EXperimental and Theory COmpariSOn Of the eChO Signature fOr all Temperatures

In this section we present the equivalent of Figure 2 for all temperatures, where the two-dimensional THz spec-
troscopy protocol was carried over. The comparison for a total of 5 temperatures, ranging from 6K to 25K, are
presented in Fig. S1. We want to further reiterate that the strength of the disorder is fixed via the STM measure-
ments [9] throughout the temperature study.
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FIG. S1. Comparison between the experimental and theoretical results for all temperatures. In the top left (right) of each
sub-panel the experimental (theory) echo peaks in the 2D map. In the bottom row, the slices along the cross diagonal (left,
orange) and diagonal (right, teal).
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