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Emergent collective excitations constitute a hallmark of interacting quantum many-body systems,
yet in solid-state platforms their study has been largely limited by the constraints of linear-response
probes and by finite momentum resolution. We propose to overcome these limitations by combining
the spatial resolution of ultracold atomic systems with the nonlinear probing capabilities of two-
dimensional spectroscopy (2DS). As a concrete illustration, we analyze momentum-resolved 2DS of
the quantum sine-Gordon model describing the low energy dynamics of two weakly coupled one-
dimensional Bose—Einstein condensates. This approach reveals distinctive many-body signatures,
most notably asymmetric cross-peaks reflecting the interplay between isolated (B2 breather) and
continuum (B pair) modes. The protocol further enables direct characterization of anharmonicity
and disorder, establishing momentum-resolved 2DS as both a powerful diagnostic for quantum
simulators and a versatile probe of correlated quantum matter.

Introduction.— Emergent collective excitations—
whose properties differ qualitatively from those of their
microscopic constituents—are ubiquitous in quantum
many-body systems. Prominent examples include frac-
tional excitations in quantum Hall and one-dimensional
systems [1-5]. Quantum emulators based on ultracold
atoms, superconducting qubits, and trapped ions enable
controlled realizations of paradigmatic models, offering a
unique opportunity to revisit long-standing many-body
questions and to develop refined probes of collective ex-
citations [6-11]. By enabling the realization of paradig-
matic models with tunable parameters, these systems
make it possible to revisit long-standing questions in
many-body physics with a new degree of control. At
the same time, they motivate the development of re-
fined spectroscopic protocols for accessing collective ex-
citations beyond the limits of standard solid-state ap-
proaches.

Traditionally, excitations have been probed using
linear-response methods such as X-ray scattering [12, 13],
optical spectroscopy [14], and transport [15, 16]. While
invaluable, these techniques are often limited by finite
momentum resolution. Recent advances in ultracold
atomic platforms have allowed some of these linear re-
sponse methods to be implemented even with momentum
resolution [17-19], effectively surpassing the limitations
of conventional solid-state experiments.

Recently, solid-state research has begun to incorporate
higher-order spectroscopic techniques [20-24] to a broad
array of systems. In particular, two-dimensional spec-
troscopy (2DS) has been applied to superconductors [25-
30], correlated electron systems [31, 32], ferroics [33-37],
and topological phases [38-44], where it enables iden-
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FIG. 1. Schematics of a 2DS protocol. Two perturbations,
separated by a time delay ¢; > 0, are applied to the sys-
tem. At a time to > 0 after the second perturbation, the
momentum-resolved response is measured. Fourier transform-
ing with respect to the delays t1 and t2 yields a 2D map, for
each value of k, in frequency domain. The 2D map exhibits
several peaks whose positions may depend on k, reflecting the
momenta of the collective modes under consideration.

tification of interaction pathways [45-47], classification
of bound states [48-50], and separation of homogeneous
from inhomogeneous broadening [26, 51-54]. Yet, the re-
stricted momentum resolution in traditional solid-state
platforms still limits the full power of these approaches.
Here, we propose to combine the high momentum reso-
lution of ultracold atoms with the nonlinear capabilities
of 2DS, thereby establishing a new paradigm for probing
collective excitations, see Fig. 1 for a schematic of the
protocol. A comprehensive discussion on the 2DS tech-
nique can be found in the Supplemental Material [55].

While our proposal is broadly applicable, we focus
here on the sine-Gordon (SG) model, with a twofold
motivation encompassing its rich theoretical structure
and its experimental relevance. On the theoretical
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side, the SG model is an archetype of low-dimensional
field theory: it is integrable and hosts soliton col-
lective modes (kinks and breathers) in both its clas-
sical and quantum forms [56, 57]. It is also dual
to the massive Thirring model [58], closely connected
to Berezinskii-Kosterlitz—Thouless physics [5, 59|, and
serves as a universal low-energy effective theory for a
wide class of low-dimensional systems. On the exper-
imental side, the SG model is realizable in ultracold
atoms, where it captures the low-energy dynamics of two
weakly coupled one-dimensional Bose—Einstein conden-
sates [60, 61]. Beyond coupled BECs, the SG frame-
work finds application extended Josephson junctions and
high-temperature superconductors [62-64], spin systems,
charge-density waves, disordered systems [5, 65-71], mul-
ticomponent quantum Hall systems [72], domain bound-
aries in anisotropic magnetic systems [73], and state-of-
the-art quantum processors [74].

Our objective is to demonstrate that momentum-
resolved 2DS provides a powerful probe for quantum sim-
ulators. Using the SG model as a representative inter-
acting system, we theoretically implement nonlinear re-
sponse spectroscopy within a 2DS protocol. The result-
ing 2D maps reveal characteristic many-body features,
including asymmetric cross-peak patterns arising from
the coupling of isolated and continuum modes. Addition-
ally, these protocols enable the characterization of inter-
action pathways, anharmonicity, and shot-to-shot disor-
der.

Model and driving protocol. — We write, in dimension-
less units, the SG Hamiltonian as

to =5 [ do{(@.0) + 17~ Mocos(Be)}. (1)

where the fields ¢ and II satisfy bosonic commutation re-
lations [p(z),I(2')] = id(z — 2'), and 8 and Aq are free
parameters [75]. Equation (1) is among the most uni-
versal nonlinear theories, and its exact diagonalization
unveils a rich spectrum of excitations depending on the
value of B: for 0 < 3% < 47, both (anti)kinks and their
bound states, breathers, are found; for 47 < 32 < 8, no
breather can form; finally, for 52 > 8, the cosine term
becomes irrelevant in the renormalization group sense
and the Luttinger liquid model is recovered [76]. The
parameter § is connected to the Luttinger constant K
by 82 = 27/K, and Ay ~ J is the bare coupling as-
sociated with the tunneling strength J between the two
condensates [55].

Our aim is to investigate the response of the SG system
to a spatially homogeneous modulation of the coupling
Ay given by [77]

Ho= / daz 6 8o (t) cos(Bp), 2)

which corresponds, within the coupled BECs realiza-
tion, to a time-dependent modulation of the tunneling
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FIG. 2. (a) Pictorial representation of the external modula-
tion of the tunneling strength, see Eq. (2), in the system of
coupled condensates. (b) Sketch of the relevant excitations
accessible via tunneling modulation within our theory. (c)
Imaginary part of the linear response function at total mo-
mentum k = 0. From left to right we distinguish two types of
excitations: a sharp resonance corresponding to the B1 — B,
bound state, labelled as Bz, and a two-particle continuum
composed of the (k, —k) By pairs.

strength [see Fig. 2(a)]. Note that, since both Hy and
H, are even in the field ¢, only even-power correlators
can acquire expectation value.

Henceforth, we assume a self-consistent Gaussian
Ansatz [78], which captures effects beyond the harmonic
approximation, to characterize the dynamics of the sys-
tem. This approach replaces the interacting cosine po-
tential with an effective quadratic term whose mass is
dynamically determined in a self-consistent way. In the
low-T', low-3 regime, the framework reliably tracks the
lowest-lying SG breather excitations [55], which usually
dominate the system’s response. More precisely, we have
access to two distinct mode contributions, as depicted in
Fig. 2(b) and (c). The first corresponds to pairs of B;
breathers with opposite momenta k and —k, which ap-
pear as a continuum in the spectral function, —Im{x"},
above the two-particle excitation gap 2Mp,. The second
corresponds to the By breather at zero momentum, man-
ifesting as an isolated peak in —Im{yx("}, and it consti-
tutes the lowest energy excitation accessible within our
driving protocol [75].

Formally, our analysis focuses on the two-point correla-
tors, which we define in terms of the Fourier-transformed
fields ¢y and IIj:

Dy (t) = (o—w(t)pr(t)),
Dy (t) = (T4 (£ (1)), (3)

k1), or(O}) + {ep-r(t), Lk ()})
2

Note that since the SG Hamiltonian is translationally

Dy () =
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FIG. 3.

(a)-(b) The (normalized) k-resolved absolute value 2D map, |Df |-
nonrephasing sector for zero k [panel (a)] and for k/(2Mp,) = 3 [panel (b)].
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Taking 8% = 2m, we explore the system’s

Panels (a) and (b) share the same logarithmic

color scale. As k increases, the interplay between the By continuum and the isolated B2 becomes apparent, leading to asymmetric
cross-peaks. This asymmetry is a hallmark of many-body dynamics absent in standard coupled-oscillator models. (c)-(d) The

(normalized) absolute value summed over k& 2D map, | >, D
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We focus on the system’s rephasing sector for 82 = 0.57

[panel (c)] and 8% = 7 [panel (d)]. In both panels (c) and (d), the intensity is normalized to the 4% = 7 maximum (the colorbar

is shared). As °

increases, the system progressively becomes more interacting and the rephasing peak more prominent. In

panels (a)-(d), frequencies are in units of the 2B; mass, and a value 7 = 0" is chosen for the damping parameter.

invariant, and the external drive is spatially homoge-
neous, Eq. (3) covers the entire set of nonzero two-point
correlators. In the following, we analyze the second-
order response of the system to the external perturba-
tion described in Eq.(2), using a scheme similar to that
of Ref. [30]. Specifically, a perturbative expansion of Dy
(o = , 11, X) in powers of §Aq is performed up to second
order

D (t)

where the sub-index ¢ in D ; represents the order in 6A,
and ¢ = 0 corresponds to the equilibrium thermal fluc-
tuations. For completeness, a brief discussion of the sys-
tem’s linear response can be found in [55]. Before pro-
ceeding, we point out that, as expected from a low-energy
quantum field theory, the equilibrium fluctuations com-
puted within the Gaussian Ansatz diverge. Given that
the fundamental bosons of the SG theory correspond to
By breathers [79], a regularization is performed by defin-
ing the physical mass Mp, and drive dA as opposed to
the bare couplings Ay and 0Ag. Details on our regular-
ization and computation of D, can be found in [55].

= Do+ Dia(t) +Diot) + -, (4)

2D spectroscopy of fluctuation dynamics.— In the 2DS
framework, two perturbations dAs and dAp separated
by a time delay ¢; > 0 are applied onto the system, see
Fig. 1. At a time t5 > 0 after the second perturbation,
the momentum resolved variance D,f’ Ap 1s measured. A
purely nonlinear response D,f,nl can be obtained by sub-
tracting from D,ﬁ ap the contributions arising from single
perturbations, such that
Dt t2) = Df ap(t1,t2) — Df A (t1,t2) — Df g(t1, t?),)
5
where Dk A and DY B are the measured variances when
only perturbatlon §A A and 0Ap are present, respectively.

Note that, for this system and protocol, we are prob-
ing the second order response Xf), and that the non-
linear signal is directly proportional to dAxdAg. The
nonlinear response, D/f,nl(tl’ t2), is subsequently Fourier-
transformed with respect to t; and to, under the con-
straint t1,%o > 0. This results in D,f’nl(wl, wa)—what we
refer to as the 2D map—which is directly related to x(?)
via

d d
Dk nl thtg = 2/ w1 w2 562)((01 +WQ,W1)
xe~wiltitt) o= ’w2t25AA(w1)5AB(w2). (6)

We provide details of the calculation of x(?) within our
Gaussian state Ansatz, or by means of an equivalent di-
agrammatic approach, in [55].

Our protocol deviates from more common 2D ap-
proaches [26, 30, 54] in two main ways. First, the ex-
ternal perturbation couples to operators with even pow-
ers of the bosonic field, i.e., 0", rather than to ¢. This
change has an important consequence: it produces a fi-
nite second-order response in powers of A, even when
the system itself has no intrinsic nonlinearities. Second,
the perturbation does not act on a single operator but in-
stead couples to an infinite series of operators o cos(5y),
as shown in Eq. (2). This richer structure generates dis-
tinctive B-dependent features in the 2D map, which we
illustrate in the following.

Before we proceed, it is helpful to note that, for small
B, the pump-probe sector (w1 = 0) of the resulting maps
is featureless, i.e., it shows no peaks. We have verified
this by deriving the two-sided Feynman diagram rules for
our protocol with a single bosonic excitation, see Supple-
mental Material [55]. Therefore, the discussion of the
2D spectra will focus on the nonrephasing and rephasing
sectors, which correspond to the wiws > 0 and wiws < 0
quadrants of the 2D maps, respectively [80]. Note that
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FIG. 4. The (normalized) summed over k absolute value 2D
map, | >, D,f’n1|. Taking 82 = w, we average over a shot-
to-shot distribution assumed to be Gaussian for 2Mp,, with
mean 2M g, and standard deviation o/(2M g, ) = 0.1. We fo-
cus on the system’s non-rephasing [rephasing] sector in panel
(a) [panel (b)]. Frequencies are normalized to the average
2B; mass, a value = 07 is chosen for the damping param-
eter, and the colorbar is shared. On the one hand, the non-
rephasing peak, see panel (a), becomes symmetrically broad-
ened due to presence of shot-to-shot noise, with a shape in-
distinguishable from that of a damped mode. On the other
hand, the almond-shaped rephasing peak in panel (b) pro-
vides a direct diagnostic of shot-to-shot density fluctuations,
distinguishing them from intrinsic damping.

the wyws sign indicates whether the two consecutive per-
turbations excite the system in-phase (nonrephasing) or
out-of-phase (rephasing).

We begin by considering the signatures in the the non-
rephasing sector of the 2D map (wiwz > 0) as a function
of 5. Figure 3(a)-(b) present the 2D maps as a function of
k and 3?2 = 2w. For k = 0, see Fig. 3(a), our choice of 3 is
large enough for the By binding energy to be appreciable,
resulting in two diagonal peaks: at the 2B, frequency for
the B; pair, and below the two-particle gap for the Bg
bound state. As k increases, see Fig. 3(b), the overall
peak spacings increase, and off-diagonal features become
apparent. At first glance, our situation could seem analo-
gous to the study of coupled molecules, where the 2D map
provides information about their coupling strength, ex-
citation pathways, and even Fermi resonances [80]. One
could thus expect the characteristic four peak structure
of coupled modes to manifest in our spectra. However, it
is worth noting that the B pairs constitute a continuum
while the By is a sharp, isolated excitation. The pres-
ence of this continuum leads to the suppression of one of
the cross-peaks due to dephasing, resulting in the quali-
tatively distinct signature shown in Fig. 3(b), see [55] for
more details and schematics. Importantly, this feature
is unique to the many-body nature of the problem, as
it directly reflects the interplay between a continuum of
excitations and an isolated mode. Similar peak patterns
have recently been reported in the context of magnetic
systems [81].

We now turn to the rephasing sector (wjws < 0),
whose name reflects its connection to the spin-echo phe-
nomenon [82, 83]. For 8 — 0, it is devoid of any

signatures—a distinctive feature of our protocol. Such
behavior can be intuitively understood by approximat-
ing the external perturbation as cos(Bp) ~ ¢?, and not-
ing that no pathway can lead to echo-type processes at
order (6A)2, see Supplemental Material for a detailed
discussion [55]. This is, however, not the case for larger
3, where the where the cosine potential has to be con-
sidered. As such, the presence of the echo peak in the
2D spectra is a direct sign of a non-harmonicity of the
system—equivalently, an indicator of the strength of in-
teractions of the theory. We present the evolution of the
echo peak as a function of 8 in Fig. 3(c)-(d), highlighting
its progressive appearance as /3 increases [84].

Furthermore, the echo peak is renowned for its ca-
pability to disentangle different sources of broadening.
The paradigmatic example is in isolated two-level sys-
tems, where the echo peak is capable of disentangling and
quantifying the homogeneous and inhomogeneous broad-
ening [85]. Similar effects have been observed in exciton
systems [51-53] and, more recently, in strongly correlated
superconducting cuprates [26].

Of particular interest for the considered ultracold-atom
system is the boson density, which determines 8 and A,
thereby influencing the breather masses and the peak po-
sitions in the 2D map. Since observables in ultracold-
atom experiments are typically obtained by averaging
multiple destructive measurements, shot-to-shot fluctua-
tions in the boson density—uncorrelated between distinct
realizations—are expected. These fluctuations can affect
the realization-averaged echo peak linewidths, in analogy
to isolated two-level systems [85]. We investigate this as-
pect in Fig. 4, where we present the non-rephasing and
rephasing (echo) peaks assuming a Gaussian distributed
shot-to-shot density with mean 2M g, and standard de-
viation o/(2M p,) = 0.1. The non-rephasing peak, see
Fig. 4(a), symmetrically broadens with a shape indistin-
guishable from that of a damped mode. The echo peak
instead presents a characteristic almond signature, see
Fig. 4(b). Its extent along the —w; = wo diagonal roughly
determines the shot-to-shot variance, while its broaden-
ing along wy = we quantifies the intrinsic lifetime of the
excitation. The distinct profiles of the non-rephasing and
echo peaks motivate adopting NMR-inspired phenomeno-
logical fitting forms [85] to accurately determine damping
and disorder in the ultracold atomic setup.

Conclusions and outlook.— We investigated the non-
linear response of the SG model through a novel 2D
spectroscopy protocol. Our approach can be used to
access the momentum-resolved nonlinear response func-
tions, leveraging the spatial resolution of present-day ul-
tracold atom platforms. The nonrephasing sector cap-
tures the interplay between continuum and discrete exci-
tations, yielding asymmetric cross-peaks unique to the
SG many-body dynamics. In contrast, the rephasing
(echo) sector serves as a sensitive probe of interaction



strength and of disorder, disentangling damping from
shot-to-shot fluctuations.

The signatures predicted here can be directly tested
with present atom-chip experiments on tunnel-coupled
1D Bose gases. Barrier modulation provides the re-
quired drive, while matter-wave interference gives access
to momentum-resolved phase correlations. Typical sys-
tem sizes, imaging resolution, and tunneling rates ensure
that the relevant timescales lie well within condensate
coherence times. Thus, the asymmetric cross-peaks and
echo-like disorder diagnostics we identify are experimen-
tally accessible with current technology. Although a de-
tailed implementation lies beyond the scope of this paper,
some practical considerations are outlined in [55].

We note that our nonlinear spectroscopic analysis—
presented at zero-temperature—can be seamlessly
adapted to incorporate finite-temperature effects by
employing the self-consistent mean-field approximation.
Furthermore, owing to the integrability of the SG
model [75], our 2D spectroscopy approach can be ex-
tended to account for the full nonlinear effects of the
theory. To this end, the nonrephasing results from
our protocol strongly indicate its suitability for study-
ing matrix elements between breathers, building on
the well-known form factors of the integrable theory ~
(B,| €% |0) [75]. In this regard, we observe that the off-
diagonal peak in Fig. 3(b) is proportional to well-known
from factors and (B2(0)| cos B¢ |B1(k)Bi1(—k)), while the
diagonal ones correspond to (B2(0)|cos Sy |B2(0)) and
(B () By (— k)| cos B | By (k) By (—k)) [36].

The combination of ultracold atomic systems and mul-
tidimensional spectroscopy opens the door to envisioning
additional, more sophisticated protocols. For example, a
scheme where the perturbation couples linearly to the
field ¢ can go beyond the usual k¥ = 0 coupling found
in condensed matter platforms, enabling momentum-
dependent coupling and resolution, and granting full ac-
cess to the theory’s T-matrix. Beyond the SG model,
the same framework can be applied to other effective
field theories realized in ultracold atoms (Lieb-Liniger
gases, spin chains) and to engineered quantum devices
(superconducting resonators, trapped ions). By accessing
nonlinear matrix elements and form factors, momentum-
resolved 2DS provides a route to directly test integrabil-
ity, explore thermalization, and characterize exotic exci-
tations in quantum simulators.
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S1

Supplemental Material

Coupled 1D condensates as a sine-Gordon experimental realization

A prototypal experimental realization of the quantum sine-Gordon (SG) model, first proposed in Ref. [75], is that two
tunnel-coupled (quasi) 1D condensates. Following Refs. [60, 61], we consider a system of ultracold bosons (Rubidium-
87 atoms) trapped in a double-well potential on an atom chip. The double-well potential, engineered via rf magnetic
fields, features a barrier which can be tuned by adjusting such fields’ amplitude. In other words, the tunneling rate
between the condensates is a highly controllable quantity, a fact which motivates our choice for the driving protocol
made in this work. Then, matter-wave interference grants access to the spatially-resolved phase difference between
the superfluids. This phase difference can be Fourier-transformed into momentum space and averaged over multiple
experimental runs. The resulting data under a single perturbation (or two consecutive time-delayed perturbations)
provide direct experimental counterparts to the 1D spectra (or 2D maps) discussed in the main text. See below for
further details.

In typical experimental setups [60, 61], both wells are confined tightly (weakly) in the radial (longitudinal) direction,
such that the system is effectively one-dimensional. In this regime, the radial dynamics is frozen, while the double-well
barrier still allows for tunneling between the two condensates. After integrating out the radial degrees of freedom,
one obtains the following 1D effective Hamiltonian

2 sz
H=Y" / dz [mazwj-awj + %Dw}w}ijj +U(@)ly; — w}%} —hJ / dx [wwz +fen|,  (S1)
j=1

where the field operators fulfill bosonic commutation relations, [;[;j(x), y;;, (x’)} = 0;;70(x — '), m is the atomic mass,

g1p the effective 1D interaction strength, U(x) the longitudinal trapping potential (set to zero in the following for
simplicity), and J the tunneling rate.
The effective coupling gi1p can be expressed in terms of the s-wave scattering length a, and the 1D density nip as

2 + 3asn1p

910 = hwas 1T 20D (S2)
Working in the density—phase representation,
Wi(e) = @ fnip + on (), (S3)
we introduce the relative degrees of freedom
pla) = br(2) ~ 6a(0),  pla) = 5 [omi (@) — dmae)], (54

which satisfy canonical commutation relations. Expanding the Hamiltonian to second order in d,¢ and p, one finds

R’nip 2 n? 2 2
H= -2
/dx [ im (0z0)" + s (0zp)" + gp hJnip cos gp} , (S5)

with ¢ = g1p + hJ/nip. Since density fluctuations are strongly suppressed in the low-energy regime of interest, the
density gradient term may be neglected, yielding the sine-Gordon (SG) Hamiltonian

h2
H= /d;y [ 47:;1) (820)° + gp* — 2R np cos 4 . (S6)

For J = 0 this reduces to the Luttinger Hamiltonian. Introducing the rescaled fields ¢ — /8 and II = 8p, with
$% =27 /K and K the Luttinger parameter, the Hamiltonian becomes

- hg / dz [(c‘w)z - D o (5@)] , (57)
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where ¢, = /gnip/m is the sound velocity. Finally, introducing a reference length scale g, one can write

B heg
- 2£C()

" / i [(0,)° + 112 — Acos (Bg)] (S8)

with the dimensionless parameter A = 8Jmx3/ (BQFL).

Typical experimental parameters.— In cold-atom realizations with 37Rb [60, 61], typical values are: radial trapping
frequencies of order w, /27 ~ kHz and longitudinal frequencies of order w, /27 ~ few Hz; interaction energies p/h and
thermal energies kgT'/h in the few hundred Hz range, both below w , ensuring effective one-dimensionality; s-wave
scattering length a, ~ 5nm; mean 1D densities n1p ~ 10-100 um~!; and tunneling rates J ranging from a few to a
few tens of Hz. For a system size of order L ~ 50 um and an imaging resolution of a few micrometers, the accessible
momentum range is approximately 0.1 to 3 um~!. These values illustrate that the assumptions made in the derivation
of the effective SG description are well justified in typical experiments.

Practical implementation and measurements.— In tunnel-coupled 1D Bose gases on atom chips (see [60, 61]), the
modulation dA(t) used in our theory corresponds to a controlled change of the barrier height. In practice, this is
achieved by tuning the amplitude of the radio-frequency or optical fields that generate the double-well potential. Such
modulations on millisecond timescales are standard and have already been demonstrated experimentally.

The relevant observables are directly accessible: matter-wave interference yields the spatially resolved relative phase
©(x) between the condensates. Fourier transforming these phase profiles provides the momentum-resolved correlators
Df, which are averaged over multiple runs. These measured quantities correspond one-to-one with the theoretical
spectra and 2D maps presented in the main text.

Experimentally, typical system sizes (about 100 micrometers) and imaging resolutions (a few micrometers) give
access to the required momentum range. The characteristic timescales of the protocol, determined by the tunneling
rate J (a few Hz to tens of Hz), remain well within condensate coherence times. Shot-to-shot fluctuations in atom
number translate into variations of D}, naturally reproducing the type of inhomogeneous broadening discussed in
Fig. 4 of the main text. We estimate that a few hundred to a thousand realizations are sufficient to reconstruct the
2D maps with adequate signal-to-noise, in line with current practice in phase-correlation measurements.

Equations of motion

Here, we start from the Hamiltonian

1

H= 5/dgc [(@:0)* + 12 = [ 8 + 680(1)] cos(B0) } (S9)

where ¢ and II are fields satisfying the commutation relation [p(x),II(z")] = id(z — 2’), Ao and (8 are parameters,
and A, (t) is our driving term. Since the latter quantity is even in the fields, only their even powers can acquire
expectation value. Within a Gaussian Ansatz for the dynamics of the system [87], we focus our attention on the
two-point correlators defined as

)0p(k, 1)), (510)

)STL(k, 1)), (S11)

({OTL(=F, 1), 3p(k, ) }) + ({0 (—F, 1), 6TL(K, t)})
2

Di (1) = ; (512)
where {A, B} indicates the anti-commutator between two operators A and B. We note that Egs. (S10)-(S12) cover
the entire set of nonzero correlators in Fourier space (x — k) because our driving term is spatially homogeneous. The
equations of motion for these two-point observables are then given by [87]

9,Df =Dy, (S13)
2

9, DY = 2Dl — 2 {k2 +5 [Ao - 550@)} e 3 20 D] } DY, (S14)

2 - 2 ©
0D} = - {k2 + 5 B0+ 880 ()] 75 i }Di(- (815)
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We now proceed to write an expansion of the previous equations (S13)-(S15) in powers of the perturbation dA(t).
The first order set of equations is given by

0Df | — Dy, =0, (S16)
oDy, — 2D} 42 k2+”3—2AC DY, — ﬁ%eqw > Df, = -B25A(t) Df (S17)
,1 ,1 9 q k,1 2L, k,0 - q,1 k,0”
D} k? BQA DX, =0 S18
i Dy1 + +7 eq | Pi1 = 0. (S18)
The sub-index n in Diﬁ;x’n} indicates the order in the perturbation, with n = 0 being the equilibrium value.

Note that D/i(,o = 0 due to the structure of the Hamiltonian, see Eq. (S9). Furthermore, we have defined A¢q =
Ay exp{—% >y ’Dio} and dA(t) = 6Ay(t) exp{—% >y Dio}. In essence, Ag and dA((t) are the bare coupling
constants which have to be most likely regularized by the zero temperature quantum correlations of the field theory.
After recasting Eqgs. (S16)-(S18) in the frequency domain (¢ — w), an analytical integration can be performed by
self-consistently evaluating the equilibrium correlators Dy , and then applying a resummation scheme, which relies on

the structure of the couplings between different k components, to compute the first order quantity q ’Dil. The two
steps are explicitly illustrated in the following sections, and the result reads

B*Dy A (w 1
Dia(w) = ‘ e 1+I( (Zu) = i Dk, (519)
(w+in)? — (k2 + 7Aeq) 1 n

where 7 = 07 is a damping coefficient and I1(w) is an integral which is exactly evaluated below in the T' = 0 limit.
As a simple consistency check, it can be readily shown that, upon summing over all k£ components, Eq. (S19) yields
the same expression for Y, Dy, which allowed for the integration of Eqgs. (S16)-(S18).

The second order equations are given by

atp,fz — Dy =0, (S20)
DX, — 2D, + 2 ( k2 g 2A DY eq DY Dy Beq Df, DY b 4Aqu*" DY
tk2 — k2 T + o Tea k2 E,1 Z 8L2 Z DY k,0 Z q,2
q
= —F5AWDE, + 5 B LA (521)
Dy + (k2 + i Aeq> %k L ZD ﬂm( Dy (S22)

Similarly to Eqgs. (S16)-(S18), we can recast Eqgs. (520)-(S22) in the frequency domain (f — w), evaluate the second
order quantity >, Dy ,, see the below sections, and then solve our latest set of equations to obtain D} , Vk. We get

Dy 5(w) = D il - 0A(w) , IAW)
’ (w+in)* — (k‘2 eq> (w+in)? —4(/@2—1—%Aeq) I+5L 1414
1 LL6A(W) 6A(w) 1 (L6A(w) (2+1)6Aw)
Ao\ 1rn fien) e\ orn T 1 n
(S23)
1 B2 (—iw + 1) SA(w)  JA(w)

+— *
AR G T R

1 ((—iw +n) I 5A(w) . 6A(w)> }
) )

A+ 14 1+ 1 1+ 1
where (A * B) indicates the convolution operation between two functions A and B and Is(w,w’) is an integral which is
exactly evaluated below in the T"= 0 limit. Once again, self-consistency is directly confirmed by showing that, upon
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summation over all k components, Eq. (S23) yields the same expression for )", D,fg employed for integrating Eqgs.
(S20)-(S22). The result displayed in Eq. (S23) can be compactified by transforming back to the time domain:

dw" ” (2) ~ ~
D}fg / / z w'tw )t (w/ + wl/,wl/) SA (w/) SA (wl/) , (824)

where the second order response function X,i )(w’ +w”,w") is defined as

52D [(1+ I () (L+ Iy ()] 20 W)
@ o i) =4 (K G A) (@ i) 4 (k24 5 A

X (W + W w') =
(S525)
LW +w"w)Q W)+ 1+ 1 (W) /2) I (W)

Acqy (1—|—11 (W +w)) ’

in which @ (wa,wp) =1+ (—iwa + 1)/ [~i (wa +wp) + 7).

Equilibrium correlators

We approximate the equilibrium values of the two-point correlators by employing the self-consistent mean-field
approximation, which results in the following self-consistency equation

VE2+(B2/2) A0 exp{—(8%/2)Q}

coth >T S
LZ VE2+ (B2/2) Agexp{— (82/2) Q} (520)

where Q(T) = +3°, DY (T) and L is the length of the system. Equation (S26) is not well-behaved, as usual for
low-energy quantum theories, since its RHS diverges logarithmically upon integration with respect to the momentum
k. We can regularize our theory by choosing the appropriate Ag resulting in the physical coupling, which we identify
with Aoe_ﬁzﬂ(o)/ 2 = A. The temperature dependence is then determined by computing, in a self-consistent manner,
IQUT) = UT) — Q(0), yielding a new (regularized) self-consistent equation

coth \/k2+([52/2)A20;<p{ (62/2)59) 1
Z . (S27)
T 2L VIZ+ (B22) Aexp{— (3%/2) 00} /K2 + (B%/2) A

After turning the sum into an integral, the latter equation takes the form

| o | coth [V(ﬁ;T/z)A\/xz-i—exp{—(ﬁQ/Z)éQ} X

69:5 0 Vo2 +exp{—(B2/2) 0Q} VRS

(528)

Upon solving this self-consistent equation for §2(T"), we can compute the finite-T" equilibrium correlators by means of

k24+(82/2)A exp{—(82/2)6Q}
e 1 coth\/ o7 . ($29)
0T 2 2+ (B2/2) Aexpl— (B2/2) 092}

Finally, to ease notation we define the temperature-renormalized value of A as

Aey(T) = Ae™ 72, (S30)

Dynamics of correlators

The set of coupled linear equations (S16)-(S18) defines the propagator of the 2-point correlators around equilibrium.
Said propagator can be split into a diagonal part G, ! which does not mix different momenta, and an off-diagonal
part V, which does. We henceforth choose the basis defined by

-
Dy1= (Dq 1,D§‘1,DE,1) . (S31)
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The diagonal part of the fluctuations’ inverse propagator reads

—iw +n -1 0
Gyl (wig.q) = | 207 + B Deq  —iwtn =2 |5, ($32)
0 q2+%Aeq —iw+n
where n = 07, and the off-diagonal part is
000
BrA

V(g,q') = — 2Lquzo 100]. (S33)

000

We also define a driving vector f, which acts as the inhomogeneous term for the set of linear equations. The driving’s
g-th component is given by

0
folw) = =B°Dyo0Aw) [ 1] (S34)
0

The problem at hand is to invert the matrix G5 4+ V, with components G ' (k, k') and V(k, k'), and apply it onto
the driving vector f. Following a resummation scheme analogous to that employed in Ref. [30], we arrive at

BQAeq D(p _ Il(w)

21, - q1 — m(SA(“’) = X(l)(‘*”)‘SA(w)v (S35)

where x(!)(w) is the first order response function and

corh | VE= T 7

L) = BB 3 Dy B / h d (S36)
1\Ww) = = 9= - q.
2L (wtin)? -4 (q2 + %QAeq> 8mJo 1+ ¢ {7(5?2735 -1+ (12)}
The T = 0 limit of the I; integral is
1
L(w;T=0)= dg, (S37)

62 /oo
8 w—+in)?
ST T[S - (14 )

which can be evaluated exactly for any value of & = w//25%2Acq, resulting in

i) —
2 fﬁarcsec T —io)Z
L@T=0) =2 ) (/o ) (938)

8w (n — io)>?

The structural analogy between Eqgs. (516)-(S18) and Egs. (520)-(S22) allows one to exploit the above calculation
approach in the second order problem as well. In the latter case, Egs. (S31)-(S33) also apply, and the driving vector
is now defined as

h ( _ ﬁ4Aeq D(P DL,D 56Aequo D“D D“" 2 5A Dw
o) = 2L g1 * Z k1) gre a0 Z ka1 * Z ki | =B (w)*Dgy )+
ko k k
4 N O B4Ae . 62 ) . 0 (839)
+57 Do | 08(w) + > i, (1) + 77 DX Y D) - = ((m(w) « pq’l) (1) 7
k k

where (A x B) denotes the convolution operation between two functions A and B. The resummation scheme then
results in

B*Acq e 1 L 1 -
2L Pie = Acq(1+ L(w) [\1+ 1 PR T 08w )
7 (S40)

_é I < 241 _« 1 (—iw+n)ls 1 -
5 (1 s O0A(w) * 1, 5A(w)> + . < 111, 0A(w) * 0A(w) ||,
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FIG. S1. (a) Momentum-resolved linear response function versus frequency, for various k choices. For each k, the left (right)
peak is associated with Bz (Bp pair). The curves are normalized with respect to the & = 0 maximum, the red dashed line
corresponds to the By frequency, and we take 82 = 0.1. (b) Linear response function, summed over k, versus 6% and frequency.
The blue (red) dashed line corresponds to the 2B; (B2) frequency. (c) Binding energy versus temperature, for different values
of B?. The dashed lines represent the analytical result deduced from Ref. [88]. In panels (a) and (c), the vertical axis is
logarithmic. In all panels, frequencies and energies are normalized to the 2B; mass, and a damping value n = 0" is used.

which can be re-written as

ﬂQAeq 2 _ dw1 dw2 IQ w1, W ) 1 I1(w) 2+I1(w1) Il(WQ)
E oS D, (w) = - ;
2L p ’ Aeq 1—|—Il 1+Il wl)l—l—fl(wQ) 2 1—|—11(UJ1)1—|—11(W2)

( ) (S41)
w1 + 27] IQ w1, W 1 ~ ~
0A 0A 21 (w — w1 — wa).
+w+m1+h@g1+h@g] (1)0R{ws) x 2mé{w —wr — w2)
In the latest expressions, we have defined the quantity
2
L(w,w') = (5°Acq) Dio
S ] R )| et )
S42
corh [V /i 512
/ — dq,
R Rl [T ) [T )
whose 7' = 0 limit is given by
1
L(w,w'; T =0) dq. (S43)

“weh VIFE [ - 1+ a) [—(;ﬁ’ig‘sz(uqa}

This integral can be evaluated exactly for any value of @ = w/4/2082Ae¢q and &' = w'/1/262Aeq. We obtain the
following result

2 arccos ( 1+ (n—i®) ) 2 arccos (W)
~ 52 Vo=@ —i@)?) /(A 0—i@)?) (n—ia)?)
I(@,&"T =0 — — . S44
2 (0,0 )= 167 20— @) (0 + &' + 2in) (S44)

Linear response

From the previous section, we find the linear response function X( )( ) to be given by:

2D 1
Hw) = PDio S45
Xk (LU) (w+z77)2 — (k)2 +M%l) 1 +I1(UJ)7 ( )

where we have introduced

_BAA Dy,
hiw) = 2L Z (w+in)? —4(¢®+ M%l) ' (546)
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Here, Dio are the equilibrium thermal fluctuations of field ¢ and = 0T is a regularization that ensures the causality
of the response function. In Eq. (S45), we identify two contributions, see Fig. 2(b) and (c) for a schematic illustration.
From left to right, the first corresponds to free B; breather pair propagation at k£ and —k momenta with a two-
particle excitation gap of 2Mp,, compatible with the low-3 limit of the exact lightest breather mass. We denote this
contribution by X&) (w). The second contribution, (1 + I;)~!, corresponds to the bubble resummation of breather
pairs with opposite momenta—essentially, a random phase approximation (RPA) for the response function—see
the Supplemental material [55] for a diagrammatic representation. This term presents a pole at wp, fulfilling 1 +
Re{Il1(wp,)} = 0. Direct comparison with the exact solution for the breather masses [89] reveals the nature of this
excitation as the By breather, which is the lowest energy excitation accessible with this driving protocol [75]. For

completeness, we report the exact expression for the masses of the n breather species B,,, with n =1,...,[1/]:
. [ mEn
Mp, = 2Mgsin - ) (S47)

where Mg is the soliton mass, £ = 32/(87 — %), and [1/£] denotes the integer part of 1/¢ [75].

Figure S1(a) shows the imaginary part of the momentum-resolved linear response function versus frequency for
various k values. With 32 = 0.1, the k = 0 result exhibits a single peak near the gap frequency, characterizing both
the 2-B; and By modes in the low-g limit (red dashed vertical line). As k increases, two peaks emerge, and their
separation is governed by the quadratic dispersion relation in Eq. (S45). The spectral overlap between the peaks
decreases with k, accompanied by a reduction in their intensity. For k& > 0, the left (right) peak corresponds to the
Bs bound state (B pairs with opposite momenta), with the B; pairs peak on the right being dominant.

We observe an excellent agreement between the By breather mass computed within our Gaussian Ansatz at zero
temperature and the exact solution up to values of 3% ~ 7, see Fig. S1(b). We also mention that, even if higher-energy
breather excitations are expected in the full SG counterpart, our treatment captures the dominant features of the
response: the 2-B; continuum and the By breather; higher energy excitations are characterized by small oscillator
strength [75]. Furthermore, temperature effects on the By breather mass are inherently included in our formalism, as
the By breather emerges as the pole in the RPA resummation, which in turn depends on the equilibrium fluctuations
D(io. We report that the binding energy of the Bs breather increases with increasing phase fluctuations, and in
particular with temperature, see Fig. S1(c). We observe excellent agreement with the analytical result dw/(2Mp,) x
B* coth? [Mp, /(2T)] deduced from Ref. [88]. This is suggestive of the effective magnon-type interaction being thermally
enhanced by a factor of coth [Mp, /(2T)].

Two-sided Feynman diagrams for a single bosonic excitation

The 2D protocol proposed in our work involves coupling to an operator composed of even powers of the field, i.e.,
©?", rather than the usual linear coupling to . To get intuition on the position and intensity of the 2D spectra
obtained for the SG model, here we develop a framework which generalizes the two-sided Feynman diagram rules
commonly adopted in the 2D infrared spectroscopy literature [80]. To this end, we consider the following single-boson

analog of our theory (7" = 0 here for simplicity)

1 9 ~
H=3 {n - [A v 5A(t>] cos (5@} . (S48)
Within the Gaussian Ansatz, the effective Hamiltonian reads
1 ~ 2 52 (2
He =5 {H2 + {A + 5A(t)} %e* <2 >¢2} : (S49)

To lowest order in 3, introducing the relations ¢ ~ (a + al)/VA and II ~ i(al — a)/VA with [a,af] = 1, Hg
becomes the Hamiltonian of an harmonic oscillator driven by a term ~ dA(t)(a + at)?. Omitting overall prefac-
tors/normalizations, which are inessential in what follows, we reformulate our problem as

H=ala+ % + D(t)(a + a')? (S50)

and perform a perturbative expansion of the density matrix p(t) in powers of the driving D(¢) < 1. In accordance
with the analysis presented in the previous sections, we choose to focus, at the measurement step of the protocol, on
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the operator (a + a')? = 2. We thus perturbatively write the system response R(t) as

R(t) =Y ™)} = RO, (s51)
n=0 n=0

where p(™ (t) is the n-th order density matrix.
The 0-th order response, involving measurement over the unperturbed state, is readily calculated. Assuming
henceforth the system to be initially prepared in the vacuum state |0), the density matrix is

100
POy =(000], (S52)
000

where we restricted our attention to the subspace spanned by the states relevant for our 2D harmonic protocol:
{10),]1),]2)}. Since we work with ¢? operators in our protocol, we could even safely restrict ourselves on the 2 x 2
subspace spanned by {|0),|2)}. Given that

1 02
=103 0], (S53)
V20 5

we get
RO®) = Tr{(pzp(o) (t)} =1 (S54)
To linear order in the perturbation, we compute
RO = [ "t Dt — t)x D (), (55)
which convolves the driving pulse with the system’s linear response function
XM (t) = i Te{@* (1) [¢°(0), peq] } (S56)
where the ? operators are expressed in the Dirac picture, and t = —oo is associated with the equilibrium (initial)

configuration peq, see Refs. [80, 90] for details on the perturbative expansion of the Liouville-von Neumann equation.
We now conceptually identify pathways corresponding to the terms appearing in the linear response function. We
interpret the term ¢?(0) as the interaction with the driving pulse, occurring at time 0, after which the system freely
evolves up to time ¢;, where a measurement of the (? operator is performed. For instance, focusing on the term
¢*(t1)$?(0)peq, We get

1 00
©*(0)peq=| 0 0 0], (Sb7)
V2 00

that is, after the interaction the system can be thought of either remaining in a |0)X0| population state or developing
a |2)(0| coherence. It is instructive to follow both options separately. For the |0)0| case, we have that

100 ; 100 1 00

000 el (g | measueath, f g o], (S58)
000 000 V2 00

that is, after the free vacuum evolution for time ¢;, the measurement step brings into play a |0)X0| population and a
|2X0| coherence. The trace operation in Eq. (S56) implies that contributions to our linear response arise, in the final
state, from population states only. A first relevant pathway corresponds then to our system remaining in the vacuum
state through both interaction and measurement. For the coherence in Eq. (S57), we instead obtain

0 00y 0 00 ‘ e=2h12 0 0
0 00 Tee up to t1 0 00 measure at tq 0 00 7 (859)
V2 00 e"21y/2 0 0 e"?h15\2 0 0
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FIG. S2. The four possible two-sided Feynman diagrams of linear response. Since both the interaction and the measurement
involve the ? operator, we draw two arrows at each step: both ingoing (outgoing) if excitation (de-excitation) takes place from
a given side; mixed ingoing-outgoing if no excitation occurs from a given side. The interaction is indicated via full arrows. The
measurement is always taken from the left to avoid overcounting, and it is depicted via dashed arrows. Pathways corresponding
to panels (a) and (c) only differ by the side at which the interaction occurs, thus their contributions are equal and opposite
and perfectly cancel. The pathways in panels (b) and (d) are responsible for the x<1)(t1) result given in the text.

that is, the second relevant pathway involves the system freely oscillating after the first interaction (up to t;, thus
acquiring a phase e~*2*1) and then being de-excited into the vacuum by the measurement. The term in Eq. (S56) left
to evaluate is ¢?(t1)peqp?(0). After the first interaction, now occurring “from the right”, we get

1
pea’(0) =100 0 |, (S60)
00 O

which can be split into

100 ; o 100 o 1 00
000|222 fgoo|Z2e2b f g 00 (S61)
000 000 V200
and
00 V2 00 e2ty2 00 eml
free up to t1 measure at t1
00 0] ——1(00 0 00 . (S62)
00 O 00 0 00 le
The “vacuum” pathway in Eq. (S61) gives an equal and opposite (1 ) contribution to that of Eq. (S58)—the

two interfere destructively and cancel. From Eq. (S62), we extract a pathway where the interaction induces a |0)(2]
coherence, evolving freely for a time t;, and the system ends up in the |2)2| population state. Overall, we get the
linear response function

X (1) o sin (2t1) . (S63)

We can visualize the pathways via two-sided Feynman diagrams, see Fig. S2.
We now turn to the system’s 2-nd order response, which takes the form

RA(t) = / dtQ/ dtyD(t — t2)D(t — to — t1)x P (t2, t1), (S64)
0 0
where the system’s 2-nd order response function is

X (ta, t1) = Tr{@?(t1 + t2) [0 (t1), [¢%(0), peq]] }, (S65)

which features two interactions, the first at time 0 and the second at ¢1, and the measurement at time ¢; +¢5. Through
a similar analysis to that performed in linear response, we arrive at the schematic structure of Fig. S3(a). Note that in
this ¢? protocol, the system always oscillates during the first time delay, i.e., no peaks are observed in the w; = 0 axis,
and no rephasing physics occurs, i.e., the (+, —) quadrant is empty. Figure S3(b) schematically shows the dominant
pathway (i.e., that surviving destructive interference) for each peak as a two-sided Feynman diagram. All peaks are
expected with the same strength.
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Asymmetry of the rephasing signature

In this Appendix, we justify the absence of the upper-left off-diagonal peak in the nonrephasing sector. In standard
coupled isolated systems, it is well established that the nonrephasing spectrum reveals the coupling between the
modes via the appearance of two off-diagonal peaks, forming the characteristic “dice-4” pattern shown in Fig. S4(a).
In contrast, our protocol involves coherent driving of a continuum of modes (Bj-pairs) and a single isolated mode
(B2 breather), which are coupled. As mentioned in the main text, the presence of the By continuum leads to the
suppression of one of the off-diagonal peaks. This results in the asymmetric signature of Fig. S4(b). We argue below
that this suppression arises from the dephasing of the B; pair continuum following their excitation by the first pulse.
To illustrate this, we consider the second-order response function

X(Q)(tl,tg) ~ 0(t1)0(t2) /dm/dy Tr{pro—_k(t1 + ta)[cos p(t1), [cos (0), pl]]}. (S66)

If the peak is to appear at w1 ~ E(B1 ;Bi1,_k), the first pulse drives the B;-pairs, while the second pulse annihilates
the continuum, and creates a By breather (note this is a 3% process). This means that this peak arises from

X 82) ~ 6(008(82) [ dn [ dy Tefpuponlts + t2) () 010}

. 1 .
= 0(11)0(t2) (Ol pucp—i | Ba) 12501 <L " (Bolp* W)IB1yB1—a) (BryBi ol (@)[0) e‘”“Bl’“m) - (867)
q

The presence of the sum over the g-continuum results in a dephasing of the oscillation and the vanishing of the peak.
On the other hand, the other off-diagonal peak does not vanish since

X o (tst2) ~ 0(t)8(t2) Tr{prp-(t1 + t2)0" (t1)¢° (0)p}
= 0(t1)0(t2) / o / dy (Olero—r|BraBy—k) (BuaB1—kl¢*(y)|Ba) (Balg?(2)[0) e~ 2Bt c=i2e(Brilta - (568)

does not contain the averaging over the continuum and subsequent dephasing of the oscillations.

Diagrammatic understanding of the Gaussian state Ansatz

We present in this subsection an alternative and complementary understanding of the linear response (! and
second order response x(?) in terms of diagrammatics, following [54]. The action in the Keldysh contour is given by

1

Stel = [Lat [ o5 [0 = 020" + Aucos(3p)]. (569)
and the action corresponding to the perturbation is

1

Susivelip, 680] = / dt / dr / da 6 0 (1) cos(Be). (S70)

C
(@ (b)
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FIG. S3. (a) Schematic structure of the 2D map obtained for the ¢? protocol. (b) Two-sided Feynman diagrams corresponding
to the pathways that survive destructive interference and end up dominating the 2D map. The color indicates which peak in
panel (a) a given pathway contributes to.



S11

FIG. S4. (a) Schematic structure of the nonrephasing spectrum for standard coupled isolated systems—the “dice-4” structure
formed by two diagonal (in blue, see the dashed line) and two off-diagonal peaks (in yellow). (b) Schematic structure of the
nonrephasing spectrum for a continuum of modes coupled to a single isolated mode. An off-diagonal peak is missing due to a
dephasing effect on the continuum.

Within the protocol described in the main text, the measured quantity is ¢?, which in the Keldysh path integral
language corresponds to measuring ¢%p. On the other hand, external perturbations correspond to the ¢l — q
representation of all the even ¢ powers contained in the cos(8¢p) term.

Linear response y

The linear response of the fluctutations is directly given by considering the effective ¢? perturbation arising from
the cosine perturbation and the ©? measurement. This directly gives to lowest order:

X((Jl)(ka) = ¢ ’ (871)

where the dot corresponds to the effective ¢? arising from the cosine perturbation. The self-consistency imposes the
linear response to be dressed by the resummation

- -
v . . v’
P . . P

X(1)<UJ, k) = /\/\ - + ’ (872)

which upon solving the self-consistent equation directly results in Eq. (S45). Note the resemblence with the standard
density-density response for fermions, but here it is for bosons and the measurement is able to resolve the k, —k pairs.
For short, we define the vertex corrected bubble as

XM (w, k) = w~<]\>vv (S73)

symbolizing the resummed response given in Eq. (S72).

Second order response X(2>

For the nonlinear response it is instructive to first address the diagrams involved in the summed-over-k response, c.f.
Eq. (S41). The second order is a trivial extension of the linear response, obtained by including an extra perturbation.



S12

We identify three nontrivial contributions. The first is given by

Ih(wy,w w1+
X12 (wl,wg): | N 2( 1 ) + 1 n

1+ I (w1)] [T+ I (w2)] [1 + L1 (w1 + w2)] (1 w+1n

) + symmetrization.

(S74)
Note that this contribution is present even in the absence of interactions, i.e., for a quadratic theory. In that case
however, there would be no resummation for the 2-particle propagation—in other words, no painted triangles in the
diagram. The next contribution arises from the presence of an effective ¢% stemming from the cosine term. This
diagramatically corresponds to

Il(wl)Il(wg)Il(wl +WQ)
[L+ Ii(w)] [1+ i (w2)] [1 + T (wr +w2))

1
x5 (@i, wn) = ~3 (S75)

where the effective ¢ interaction is given by the equilibrium fluctuations. Note this diagram would not be present if
the nonlinearity would stop at *. The last contribution arises from the fact that the external pertubation couples
to the full cosine, not only to ¢?. This results in the possibility of processes where the pertubation is higher order in
o, and in particular within our approximation:

(2) A Il(WQ)Il(wl + w2) . .
wi,ws) = ~ = + symmetrization. S76
Xa (W) L+ L(w)] [+ L +w)] Y (S76)

~

Adding the three contributions together, we readily recover Eq. (S41). The k-resolved response can directly be
obtained by imposing the two lines corresponding to the measurement (rightmost wavy line) to have k momentum,
recovering Eq. (S25). The momentum-resolved response function is trivially obtained from the previous.
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